STALLINGS FOLDINGS AND SUBGROUPS OF FREE GROUPS 



ILYA KAPOVICH AND ALEXEI MYASNIKOV 

Abstract. We re-cast in a more combinatorial and computational form the topological approach of 
J.Stallings to the study of subgroups of free groups. 



1. Introduction 

The subgroup structure of free groups is a classical subject which goes back to the origins of Group 
Theory. The original approach developed by Nielsen was to treat this topic combinatorially, mainly using 
the technique of Nielsen transformations. Indeed, even to this day this method remains among the most 
powerful ones for working with subgroups of free groups. The development of algebraic topology and 
covering space theory in the 1940s suggested a different, more geometric approach. A free group F can 
be identified with the fundamental group of a topological graph (which we may think of as a 1-complex). 
Then any subgroup of F corresponds to a covering map from another graph to the original graph. The 
topological viewpoint was studied in detail by J.Stallings in a seminal paper [43]. In this work J.Stallings 
introduced an extremely useful notion of a folding of graphs. The ideas of Stallings have found many 
interesting applications (see, for example, [15], [16], [18], [44]„[45], [3], [41], [11], [13], [14], [48], [49], [50]). 
However, most of these applications, as far as the theory of free groups is concerned, were for the study 
of automorphisms of free groups. Thus, for example, the notion of a folding plays an important role in 
the construction of train-track maps due to M.Bestvina and M. Handel [6], [7]. 

In this paper we want to recast the ideas of Stallings' work [43] in a more combinatorial guise and 
apply them more systematically to the subgroup structure of free groups. 

Namely, to every subgroup H of a. free group F{X) we will associate a directed graph T{H) whose 
edges are labeled by the elements of X. It turns out that this graph r(i/) (which is finite and very easy 
to construct if H is finitely generated) carries all the essential information about the subgroup H itself. 
Geometrically, the graph T{H) represents the topological core of the covering space, corresponding to i?, 
of the wedge of #X circles. Algebraically, r(iJ) can also be viewed as the "essential part" of the relative 
coset Cayley graph of G/H with respect to X. This last approach was used by C.Sims in [42]. Yet 
another view of r(_ff) comes from Bass-Serre theory. Namely, F{X) acts on its standard Cayley graph, 
which is a regular tree. There is a unique _ff-invariant subtree T{H) which is minimal among iJ-invariant 
subtrees containing 1. Our T[H) can be identified with the quotient T{H)/H. 

However, in the present paper we will consider and study T(H) almost exclusively as a combinatorial 
object. Namely, we will view it as a labeled directed graph and, also, as an automaton over the alphabet 
X U A~^. There are several reasons why we believe this approach is interesting and worthwhile. 

First and foremost, the graph-automaton T{H) turns out to be an extremely useful and natural object 
when one considers various algorithmic and computational problems for free groups and their subgroups 
(e.g. the membership problem). In fact, most classical algorithms dealing with such problems usually 
use Nielsen methods and involve enumerating all elements of F{X) of bounded length. Since F{X) has 
exponential growth, all such algorithms require at least an exponential amount of time. However, it 
turns out that looking at T{H) allows one to solve most of these problem much faster, ordinarily in 
polynomial time. In fact, much of this work is motivated by the desire to describe various algorithms 
implemented in the Computational Group Theory Software Package MAGNUS. It is also important that 



1991 Mathematics Subject Classification. 20F. 



1 



STALLINGS FOLDINGS 



2 



the graph-automaton T{H) is a canonical object which gives us some advantages as compared to the 
standard situation in the theory of automata and formal languages. 

Second, we thought it worth-while to give an account of Stallings' ideas in a manner accessible to 
people with little topological or even group-theoretic background. There have been a number of papers 
where these ideas were applied to some specific subgroup properties of free groups. However, wc wanted 
to give a self-contained, elementary and comprehensive treatment of the subject. For this reason we 
included complete and independent proofs of most basic facts, a substantial number of explicit examples 
and a wide assortment of possible applications. 

Thus we re-prove many classical, well-known or folklore results about the subgroup structure of free 
groups. For instance, we prove the Marshal Hall Theorem and the Greenberg-Stallings Theorem as well 
as establish some well-known facts regarding ascc^nding and descending chains of subgroups in free groups. 
In some instances we choose not to prove certain statements in the strongest possible form, as our real 
goal is to demonstrate the usefulness of the method. 

However, there arc quite a few results that appear to be new, or at least, have never been published. 
Thus in Section 11 we develop a mini-theory of "algebraic" and "free" extensions in the context of free 
groups. This technique is then applied in Section 13 to study malnormal closures and isolators of finitely 
generated subgroups of free groups. 

This paper is based, in large measure, on the notes of a Group Theory Research Seminar, that has 
been running at the CUNY Graduate Center in the Spring and Fall semesters of 1999. Our special 
thanks go to Gilbert Baumslag, Toshiaki Jitsukawa, Grctchcn Osthcimer, Gillian Elston, Robert Gilman, 
Vladimir Shpilrain, Sean Cleary, Lev Shneyerson, Fuh Ching-Fen, Dmitri Pechkin, Dmitri Bormotov, 
Alexei D. Myasnikov, Alexei Kvaschuk, Denis Serbin Katalin Bencsath, Arthur Sternberg and other 
regular participants of the seminar for the many lively, engaging and stimulating discussions. 

2. Labeled graphs 

Definition 2.1 (X-digraph). Let X = {xi, . . . , x^} be a finite alphabet. By a X-labeled directed graph 
r (also called a X-digraph or even just X-graph) we mean the following: 

r is a combinatorial graph where every edge e has an arrow (direction) and is labeled by a letter from 
X, denoted /i(e). (Note that F can be either finite or infinite.) 

For each edge e of F we denote the origin of e by o(e) and the terminus of e by t{e). If o(e) = t{e) 
then e is a loop. 

There is an obvious notion of a morphism between two X-digraphs. Namely, if F and A are X-digraphs 
then a map tt : F — > A is called a morphism of X-digraphs, if tt takes vertices to vertices, directed edges 
to directed edges, preserves labels of directed edges and has the property that o(7r(e)) — 7r(o(e)), t(7r(e)) = 
7r(t(e)) for any edge e of F. 

Examples of X-graphs, with X = {a, 6, c} are shown in Figure 1. 

For the remainder of the paper, unless specified otherwise, X will stand for a finite alphabet X = 
{xi, . . . , xn}- We shall also denote S = X U X~^. 

Convention 2.2. Given a X-digraph F, we can make F into an oriented graph labeled by the alphabet 

S = X U X~^ . Namely, for each edge e of F we introduce a formal inverse of e with label iJ.{e)~^ and 
the endpoints defined as o(e~^) = i(e), i(e~^) = o(e). The arrow on points from the terminus of e 
to the origin of e. For the new edges we set (e~^)~^ = e. 

The new graph, endowed with this additional structure, will be denoted by F. In fact in many instances 
we will abuse notation by disregarding the difference between F and F. 

The edge-set of F is naturally partitioned as ET = ET U ET. We will say that the edges e of F are 
positively oriented or positive in F and that their formal inverses are negatively oriented or negative 
in f. We win also denote E+t = ET and E't = {ET)-^. 

The use of F allows us to define the notion of a path in F. Namely, a path p in F is a sequence of edges 
p = ei, . . . , Cfe where each is an edge of F and the origin of each (for i > 1) is the terminus of e^-i. 
In this situation we will say that the origin o{p) of p is o(ei) and the terminus t{p) is t{ek)- The length 
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Figure 1. Folded and non- folded graphs. The labeling alphabet is X = {a,b,c}. 

\p\ of this path is set to be k. Also, such a path p has a naturally defined label /x(p) = mC^i) • • ■ Ml^fe)- 
Thus iJ,{p) is a word in the alphabet E = X U X~^. Note that it is possible that contains subwords 
of the form aa~^ or a~^a for some a G X. 

Also, if is a vertex of F, we will consider the sequence p = u to be a path with o{p) = t{p) = v, 
\p\ = and ii{p) = 1 (the empty word). 

Definition 2.3 (Folded graphs). Let F be an X-digraph. We say that F is folded if for each vertex v of 
F and each letter a & X there is at most one edge in F with origin v and label a and there is at most one 
edge with terminus v and label a. 

The graph shown in Figure 1(a) is folded and the graph shown in Figure 1(b) is not folded. Note that 
F is folded if and only if for each vertex w of F and each x T, ~ X U X^^ there is at most one edge in 
F with origin v and label x. Thus in a folded X-digraph the degree of each vertex is at most 2#(X). 

The following notion of graph folding plays a hmdamcntal role in this paper. Suppose F is an X- 
digrapli and 61,62 are edges of F with common origin and the same label a; £ S. Then, informally 
speaking, folding F at 61,62 means identifying ei and 62 into a single new edge labeled x. The resulting 
graph carries a natural structure of an X-digraph. A more precise definition is given below. 

Definition 2.4 (Folding of graphs). Let F be an X-digraph. Suppose that vq is a vertex of F and /i, /2 
are two distinct edges of F with origin vq and such that /x(/i) = /x(/2) = x G T, = X \J X~^ (so that F 
is not folded). Let hi be the positive edge of F corresponding to (that is hi = fi if fi is positive and 
hi = fi~^ if fi is negative). Note that, depending on whether x G X ov x G X~^, the edges /i and /2 
are either both positive or both negative in F. 
Let A be an X-digraph defined as follows. 

The vertex set of A is the vertex set of F with t{fi) and t(/2) removed and a new vertex tf added (we 
think of the vertices i(/i) and t{f2) as being identified to produce vertex tf): 

v^ = {VT-{t{f^)M)})yj{tf} 

The edge set of A is the edge set of F with the edges h\ , /12 removed and a new edge h added (we 
think of the edges hi and /12 as being identified or "folded" to produce a new edge h): 

EA = {Er-{hi,h2})Ll{h} 

The endpoints and arrows for the edges of A are defined in a natural way. Namely, if 6 G EA and 
h (that is 6 e ET, e ^ hi) then 

1. we put OA(e) = or(e) if or(e) ^ t{fi) and OA{e) — tf if or{e) ~ t{fi) for some i; 

2. we put tA{e) = tr{e) if tr{e) ^ t{fi) and tA{e) = tf if tr{e) = t{fi) for some i 
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Figure 2. Folding of labeled graphs 

For the edge h wc put o/^{h) = orih) if or{h) ^ i(/i), ^(A) and o^(h) = tf if or{h) = t{fi) for some 
i. Similarly, we put tA{h) = tr{h) if tr{h) ^ i(/2) and ti\(Ji) = i/ if fr(/i) = for some i. 
We define labels on the edges of A as follows: iit^{e) = /Ur(e) if e ^ /i and iJ,A{h) = Atr(/ii) = /Ur(/i2)- 
Thus A is an X-digraph. In this situation we say that A is obtained from F by a folding (or by folding 

the edges fi and /2). 

We suggest that the reader investigates carefully what happens in the above definition if one or both 
of the edges /i, /2 are loops. The notion of folding is illustrated in Figure 2. 

We also need the following obvious statement summarizing some basic properties of folding. 

Lemma 2.5. Let Fi be an X -digraph obtained by a folding from a graph F. Let v be a vertex ofV and 
let vi be the corresponding vertex o/Fi. 
Then the following holds: 

1. IfT is connected then Fi is connected. 

2. Let p he a path from v to v in T with label w. Then the edge-wise image of p in Fi is a path from 
vi to vi with label w. 

3. Note that if an X -digraph F is finite, then a folding always decreases the number of edges in F by 
one. 

Convention 2.6 (Reduced words and reduced paths). Recall that a word w in the alphabet E — X U 
X~^ is said to be freely reduced if it does not contain a subword of the form aa~^ or a~^a for a G X. 

A path p in an X-digraph F is said to be reduced if p does not contain subpaths of the form e, for 
e e ET. 

For an alphabet B we denote by B* the set of all words (including the empty word 1) in the alphabet 

B. 

Definition 2.7 (Language recognized by a digraph). Let F be an X-digraph and let u be a vertex of F. 
We define the language of F with respect to v to be: 



L{r, v) = {/x(p) I p is a reduced path in F from v to t;} 
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Figure 3. Language of a digraph. In this case the language L{r, v) consists of all words 
of the form (a6~^)" where n is any integer (possibly negative). Note that the edge labeled 
c is irrelevant since there are no reduced paths from v to v passing through this edge. 

If a word w belongs to L{T, v), we will also sometimes say that w is accepted by (F, v) (or just by F if 
the choice of v is fixed). 

Thus L{T, v) is a subset of S* where 'E = X U X~^. An example of the language corresponding to a 
digraph is shown in Figure 3 

Note that the words in L{T, v) are not necessarily freely reduced. However, if the graph F is folded, 
then all the words in L{T, v) are freely reduced. 

Remark 2.8 (Labeled graphs versus standard automata). It is possible and often useful to view the pair 
(F, v) as an automaton M (possibly infinite) over the alphabet S = X\JX~^. The vertices of F are states 
and the edges represent transitions. There is only one initial state, namely v and only one accept state, 
also V. Then F is folded if and only if the corresponding automaton M is deterministic. It should be 
noted, that our definition of the language L{r, v) is slightly different from the standard notion of the 
language L{M) recognized by M. Namely, using the standard conventions of the automata theory, the 
language of L{M) would consist of the labels of all (not just reduced) paths from u to w in F. However, 
the set of all freely reduced words in S is easily seen to be a regular language (i.e. it is recognized by a 
finite state automaton). Since intersections of regular languages are regular, this implies that for a finite 
and folded X-digraph F, the language L(F, v) is regular. 

We formulate this obvious but important statement as a lemma. 

Lemma 2.9. Let V he a folded X-digraph. Let v be a vertex o/F. Then all the words in the language 
L(F, v) are freely reduced. 

3. Labeled graphs and subgroups of free groups 

In this section we will explain how to every finitely generated subgroup of a free group one can associate 
a (reasonably) canonical labeled graph. 

Let X be a finite alphabet and let 'E = X L) X~^. If w is a word in S, we will denote by w the freely 
reduced word in S obtained from w by performing all possible (if any) free reductions. 

Recall that a free group on X, denoted F{X) is the collection of all freely reduced words in S (including 
the empty word 1). The multiplication in F{X) is defined as 

f-g:=Jg, fov &ny f,g€ F{X) 

(Although not quite trivial, it can be shown that thus defined, the multiplication makes F{X) a group [32]). 
The number of elements in X is called the rank of F{X) and X is referred to as a free basis of F{X). 
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For any element g G F{X) we will denote by \g\x the length of the unique freely reduced S-word, repre- 
senting g. If w is a word in S (which may or may not be freely reduced), we will denote by |w| the length 
of w. 

It turns out that the languages of directed X-graphs correspond to subgroups of F{X). 
Namely, the following simple but important statement holds. 

Proposition 3.1. Let T he an X -digraph and let v be a base-vertex ofT. Then the set 



is a subgroup of F(X). 

Proof. Indeed, let vi,V2 G L. Then there are reduced paths pi and P2 from t; to t; in F such that the 
label of Pi is Wi and wl = Vi. 

The concatenation piP2 is a path in T from v to v which may or may not be path-reduced. Let p be 
the reduced path obtained from p\P2 by making all possible path reductions. This means that the label 
w = fi{p) is obtained from the word W1W2 by performing several free reductions (even though w = ^{p) 
may not be freely reduced itself). Therefore wJ = W1W2 = Vi ■ V2 & On the other hand w is the 

label of a reduced path from v to v and therefore w G L{r, v) = L (by definition). Thus vi ■ V2 & L and 
L is closed under multiplication. 

It is easy to see that the inverse path {pi)~^ of pi has label wf^. This implies that L is closed under 
taking inverses. Also, obviously 1 G L. 

Thus L is a subgroup of F{X), as required. □ 

Lemma 3.2. Suppose F is a folded X -digraph. Then L{T,v) = L = L is a subgroup of F{X). 

Proof. By Lemma 2.9 the labels of reduced paths in T are already freely reduced. Therefore by Proposi- 
tion 3.1 L{T, v) = L = L is a subgroup of F{X). □ 

The following lemma shows that subgroups corresponding to finite labeled graphs are finitely generated. 

Lemma 3.3. Let T be a connected X-digraph and let v be a vertex of T. For each vertex u ^ v of T 
choose a, reduced path pu in T from v to u. Put py — v, the path of length zero consisting just of vertex 
V. For each edge eofV (whether positive or negative) put Pe = Po{e)^{Po{e))~^ so that Pe is a path in T 
from V to V. Denote [e] = ^,{pe)- 

Then the subgroup H = i(r, v) of F{X) is generated by the set 

5 = { [e] I where e is a positive edge of T} 
In particular, if F is finite, the subgroup H is finitely generated. 

Proof. The path pe (if it is not already reduced) can be transformed into a reduced path p^ (from v to v) by 
a series of path-reductions. Clearly /u(Pg) G L{T,v), ji{p'^) = n{pe) and hence [e] = l^{Pe) G L{T,v) = H. 
Thus 5 C F and (5) < H. 

It remains to prove that any element of H can be expressed as a product of elements of S and their 
inverses. Note that by definition p^-i = (Pe)^^ and so [e~^] = [e]~^. Thus it suffices to show that any 
element of H can be expressed as a product of elements [e] , where e is an edge of V. 

Let h G H , h ^ 1. Then there is a nontrivial reduced path p from w to w with label w such that w = h. 
Let p = ei, . . . ,ek, where Cj are edges of X. Further let vi = v, Wfc+i = v and let Vi be the initial vertex 
of ei (and therefore the terminal vertex of e^+i). Consider now the path 



It is obvious that the path p' can be transformed by path reductions into the path p. Therefore ^{p') = 
n{p) = h. On the other hand 



L = {w\w e L{r,v)} 



p' = Pei ■■■Pek= Pv^eiP^^Py^e2Py^ . ..Pvk(^kP\ 



M(p') = Pei • • -Pek = [ei] • • • [efc] G {S) 



Thus H = {S) as required. 



□ 
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The following simple but important observation plays a crucial role in this paper. 

Lemma 3.4. Let T be an X-digraph and let T' he an X-digraph obtained from T by a single folding. 
Further let v be a vertex ofT and let v' be the corresponding vertex ofV. 

Then L(T,v) = L{T',v'). 

Proof. Suppose T' is obtained from F by folding two edges ei ,62 in F which have the same initial vertex 
u and the same label x G X. The edges ei, 62 are folded into an edge e of F' labeled x and with origin u'. 

Suppose p is a reduced path in F from v to v, so that G L{T,v). The image of p in F' is a 

path p' from v' to v' with the same label as that of p, that is /Lt(p) = However, p' need not be 

path-reduced. Namely, p' is path-reduced if and only if p does not contain any subpaths of the form 
e2^, ei or e^^ , 62. Let p" be the path obtained from p' by performing all possible path reductions in F'. 
Then = n(p') = fi(p") and e L(F, v'). Thus we have shown that L{T,v) C L{T',v'). 

Suppose now that p' is an arbitrary reduced path in F' from v' to v'. We claim that there is a reduced 
path in F from v to v with exactly the same label as that of p'. We will construct this path explicitly. 

The occurrences of e"^^ (if any) subdivide p' into a concatenation of the form: 

p' = PofoPifi ■ ■ ■ fkPk+l 

where ft = e^^ and the paths Pi do not involve e^^. 

Suppose that for some i we have fi = e. Since pi and Pi+i do not involve the edge e, they can also be 
considered as paths in F. Moreover, by the definition of folding, in the graph F the terminal vertex of pi 
is joined with the initial vertex of Pi+i by cither the edge ei or the edge 62- We denote this edge by di 
(so that di e {ei, 62}). Note that now PidiPi^i is a reduced path in F with the same label as the path 
PifiPi+i in r'. 

Similarly, if for some i we have fi = e~^, we can find di e {ej~^,e2 ^} such that pidiPi+i is a reduced 
path in F with the same label as the path PifiPi+i in F'. 
Then 

P = Podopi ■ ■ ■ dkPk+i 

is a reduced path in F from v to v with the same label as p'. Thus /i(p') € L{r, v), iJ,{p') € L{T, v) and 
therefore L(F',w') C L(r,v). 

Hence I/(F', v') C L(F, v) and the lemma is proved. □ 

Before investigating further group-theoretic properties of labeled graph we need to introduce the 
following important geometric concept. 

Definition 3.5 (Core graphs). Let F be an X-digraph and let w be a vertex of F. Then the core ofT at 
V is defined as: 

Core(T, v) = U{p\ where p is a reduced path in F from v to v} 

It is easy to see that Core(F, v) is a connected subgraph of F containing v. If Core(F, v) = T we say 
that F is a core graph with respect to v. 

ExEimple 3.6. The graph shown in Figure 3 is not a core graph with respect to v. However, it is a core 
graph with respect to the terminus of the edge labeled c. Both graphs shown in Figure 1 are core graphs 
with respect to any of their vertices. 

The following lemma lists some obvious properties of core graphs. 

Lemma 3.7. Let F' = Core{T,v). Then: 

1. The subgraph F' o/F is connected and contains the vertex v. 

2. The graph F' has no degree- one vertices, except possibly for the vertex v. 

3. The languages ofT and F' at v coincide, that is L{T,v) = L(T',v). 
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Since languages of folded graphs consist of freely reduced words, Lemma 3.4 implies that for a folded 
X-digraph F the language L{T,v) is a subgroup of F{X). In fact, by the properties of core graphs, if 
r' = Core{T,v) then L{T,v) = L(r',u) is a subgroup of F[X). We will now show that any finitely 
generated subgroup of (and, later, even infinitely generated) can be obtained in such a way. 

Proposition 3.8. Let H be a finitely generated subgroup of F{X). Then there exists a finite X-digraph 

r and a vertex vofT such that: 

1. the graph T is folded and connected; 

2. all vertices ofV, except possibly for vertex v, have degree greater than one; 

3. the degree of each vertex in T is at most 2#(X); 

4. the graph T is a core graph with respect to v. 

5. the language of F is equal to H, that is L{T, v) = H. 

Proof. If H = 1 then the graph consisting of a single vertex obviously satisfies all the requirements of the 
proposition. Assume now that H is a. nontrivial finitely generated subgroup of F{X). 

Let H be generated by the elements hi, ... , hm (where we think of each hi as a freely reduced word 
in E = XUX-i). 

We define an X-digraph Fi as follows. The graph Fi is a wedge of m circles wedged at a vertex called 
v\. The i-th circle is subdivided into \hi\ edges which are oriented and labeled by X so that the label of 
the i-th circle (as read from Vi to Vi) is precisely the word hi. 

Then any freely reduced word in hi, ... , hm is the label of a reduced path in Fi from v to v. The 
converse is also obviously true. Thus L(Fi, i;i) = {hi,. . . , hm) = FI. Note also that Fi is connected by 
construction and has no vertices of degree one. 

We define a sequence of graphs Fi, F2, . . . inductively as follows (see Figure 4 for a specific example). 
Suppose Fj is already constructed. It it is folded, terminate the sequence. Otherwise, let Fj+i be obtained 
from Fj by a folding. 

Since Fi is finite and a folding decreases the number of edges, this sequence terminates in finitely 
many steps with a folded graph F^. Moreover, since a folding of a connected graph is connected, the 
graphs Fi, . . . ,Ffe are connected. Let be the image of Vi in the graph Fj. By Lemma 3.4 we have 
H = L(Fi,wi) = L{Tk,Vk) = L(Ffc,Wfc), the last equality implied by the fact that Ffe is folded. 

Put F = Ffe and v — Vk. We have already shown that L(F, v) = H and that F is a connected folded 
finite graph. Since F is folded, the degrees of its vertices are at most 2#(X) = #(X). We claim that F 
is in fact a core graph with respect to v. Indeed, suppose this is not so and there is a degree-one vertex 
u of F which is different from v. Let e be the unique edge of F with terminus u and let x G S be the 
label of e . There exists an edge ei of the graph Fi such that the image of ei in F = is e (so that 
the label of ei is also x . Let ui be the terminus of ei. Since u ^ v = v^, wc have ui ^ vi. Recall the 
explicit construction of Fi as the wedge of circles labeled hi, ... , hm- It follows from this construction 
that there is a path pi in Fi from vi to vi which passes through the edge ei and has freely reduced label 
w (namely, we can take w = hf^ for some i). Let p be the image of the path pi in Tk after performing 
all — 1 foldings. Then p is a path from v to v passing through e and with a freely reduced label w. 
However the vertex u (different from v) is of degree one. Therefore any path from v to v passing through 
e contains a subpath e, e~^ and hence cannot have a freely reduced label. This gives us a contradiction. 
Thus Core{T,v) — F and the pair (F, w) satisfies all the requirements of the proposition. □ 

Lemma 3.9. Let F be a connected folded X-digraph which is a core graph with respect to some vertex v. 
Let H = L{T,v). Then: 

1. For any initial segment w of a freely reduced word h G H there exists a unique reduced path p inV 

with origin v and label w. 

2. For any reduced path p in T with origin v and label w, the word w is a subword of some freely 
reduced word h G H. 

Proof. (1) The uniqueness of p follows from the fact that F is folded. The existence of p is also obvious. 
Indeed, we can take p to be the initial segment of length \w\ of the path in F from v to v with label h. 
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Figure 4. Constructing the graph associated to a subgroup. In this example we start 
with a subgroup H = {o?h,ba~^ba, aba~^) < F{a,b). The highUghted vertices represent 
the images of the original base- vertex vi in the intermediate graphs 

(2) Let p be a path in F with origin v and label w. If the terminal vertex of p is v then w e H and the 
statement of the lemma is obvious. Suppose now that the terminal vertex u of p is different from v. Since 
r is a core graph with respect to v, the degree of u is at least two. Let e be an edge with origin u such 
that is different from the last edge in p. Let p' be a reduced path from t{e) to v in F. Then a = pep' 
is a reduced path from v to v. Therefore ii{a) = h £ H. It is clear by construction that w is an initial 
segment of h. □ 



4. MORPHISMS OF LABELED GRAPHS 

Recall that in Definition 2.1 we defined the notion of a morphism between two X-digraphs. 
First we prove the following obvious but important lemma. 

Lemma 4.1 (Morphisms and subgroups). Let n : F — > F' be a morphism of X-digraphs such that 
7r(w) = v' for some vertex v ofT. Suppose that F and F' are folded. Put K = L{r,v) and H = L{T',v'). 
Then K<H. 

Proof. Suppose p is an arbitrary reduced path in F from v to v and let w be the label of p. Note that w 
is freely reduced since F is folded and that w G L(F, v) = K. 

Since tt is a morphism of X-digraphs, 7r(p) is a path in F' from v' to v' with label w. Since w is 
freely reduced, the path 7r(p) is path-reduced and therefore w G L{r',v') = H. The path p was chosen 
arbitrarily and therefore K < H. □ 
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Lemma 4.2 (Uniqueness of morphisms for folded graphs). Let T and A be connected X -digraphs such 
that A is folded. Let v be a vertex ofT and let u be a vertex of A. Then there exists at most one morphism 

of X -digraphs f : T — > A such that f{v) = u. 

Proof. Suppose f,j:T — »• A are such that f{v) = j(v) = u. Let v' be an arbitrary vertex of T. Since 
r is connected, there exists a reduced path p in F from v to v' . Denote the label of p by w. Since A is 
folded, there exists at most one path in A with origin u and label w. On the other hand both f{p) and 
j(p) are such paths and they have terminal vertices f{v') and j(v') respectively. Therefore f{v') = j{v'). 
Since v' e VT was chosen arbitrarily, we have shown that / and j coincide on the vertex set of T. Since 
r is folded, it easily follows that / and j coincide on the set of edges as well. □ 

Proposition 4.3. Let F{X) be a free group with finite basis H. Let K < H < F{X) be subgroups of 
F{X). Suppose {Ti,vi) and {T2,V2) are connected folded based X -digraphs such that Fj is a core graph 
with respect to Vi and L(Fi,vi) = K and L{T2,V2) = H. 

Then there exists a unique morphism of X -digraphs tt : Ti — > T2 such that n{vi ) = V2. 

Proof. The uniqueness of tt follows from Lemma 4.2. Thus it suffices to show that such tt exists. 

We will construct tt explicitly as follows. Let v he a arbitrary vertex of Fi. Choose any reduced path 
Py in F from vi to v and let w be the label of By Lemma 3.9 since L{Ti, vi) = K and Fi is a folded 
core graph with respect to -yi, the word w is an initial segment of some freely reduced word belonging 
to K. Since K < H and H = L(F2,t;2) Lemma 3.9 also implies that there is a unique path g„ in F2 
with origin V2 and label w. We set 7r(w) to be the terminal vertex of q^. We claim that this definition 
of 77(11) does not depend on the choice of py. Indeed, let p'^ be another reduced path in Fi from vi to v 
and let w' be the label of p'y. Again, let q'y be the path in F2 with origin V2 and label w' . Denote the 
terminal vertex of py by u and the terminal vertex of p'^ by u' . Note that Pv{p'y)^^ is a loop in Fi at vi 
with label w{w')^^. Hence w(w')~^ = k G K < H. Let r be the reduced path in Fi from Vi to vi with 
label k. Then rp'y is a path in Fi from vi to u'. On the other hand the path-reduced form of rp'y has 
label k ■ w' = tu. Since F2 is folded, there is no more than one path in F2 with origin vi and label w, 
namely the path p^. Since path-reductions do not change end-points of paths, this means that u' = v' , 
as required. 

We now extend tt to the edges of Fi. Let e be an edge of Fi with label x. Since F2 is folded, there is at 
most one edge in F2 with label x and origin 7r(o(e)). We claim that such an edge in fact exists. Since Fi 
is a core graph with respect to Ik, there is a reduced path p = p'ep" from v\ to v\ passing through e. Let 
z' = /i(p'), z" = ^{p") so that z = ^{p) = z'xz" . By assumption on Fi we have z G K. However, K < H, 
so that z G H as well. Hence there exists a unique path q is F2 with origin V2 and label z = z'xz" . This 
q has the form q = y'e'y" where the label of q' is z', the label of edge e' is x and the label of y" is z" . 
By our construction of tt the terminus of y' is 7r(o(e)). Hence the edge e' has label x and origin 7r(o(e)) 
in F2. We put 7r(e) = e'. 

Thus we have established that tt exists. □ 

Lemma 4.4 (Morphism factorization). Let f : F — > A be an epimorphism of X -digraphs. Then f can 
be decomposed as / = /2 ° /i where fx : F — > F' is infective on the edge set of F and /2 : F' — > A is a 
bisection between the vertex sets ofV and A. 

Proof. Let / : F — > A be an epimorphism of X-digraphs. Define a graph F' as follows. We give an 
informal description of F', fi and/2 and leave the technicalities to the reader. The map /i consists in 
identifying those vertices (but not edges) of F which are identified by /. Thus F' = /i(F) is obtained by 
collapsing some subsets of VT into single vertices. 

Note now that if e, h are edges of F with the same image in A under /, then the origins of /i(e), fi{h) 
are the same and the termini of /i(e),/i(/i) are the same. The morphism /2 consists in identifying all 
such /i(e), fi{h). Thus /2 is in fact an identity map on the set of vertices of F'. Moreover, /2 could be 
considered as a "generalized folding". In fact, /2 is a composition of several foldings if F is finite. □ 
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Convention 4.5. A based X-digraph is an X-digraph T with a marked vertex v, called the base-vertex. 

Such a based digraph is denoted (T,v). A morphism of based X-digraphs tt : (r,w) — > {^^u) is 
a morphism of the underlying X-digraphs tt : F — > A such that 'k{v) = u. By Lemma 4.2 if two 
folded connected based digraphs (F, v) and (A, u) are isomorphic then there exists a unique isomorphism 
TT : (F, v) — > (A, u). Therefore we can identify (F, v) and (A, u) via tt. In this situation we will sometimes 
write (T,v) = (A,u). 

5. Definition of subgroup graphs 

In Proposition 3.8 we saw that one can associate to any finitely generated subgroup H < F{X) a finite 
folded connected X-digraph F which is a core graph with respect to some vertex v and such that L{T, v). 
In this section we show that the same can be done for an arbitrary subgroup H < F{X) (although the 
graph will not be finite if H is not finitely generated) and the pair (F, v) is unique for a fixed H. 

Theorem 5.1. Let F{X) be a free group with finite basis X. Let H < F{X) be a subgroup of F{X). 
Then there exist a connected folded X-digraph F and a vertex vofT such that: 

1. the graph T is a core graph with respect to v; 

2. L{T,v) = H. 

Proof. First we will construct an X-digraph A as follows. 
The vertex set of A is the set of left coscts of H in F{X): 

VA = {Hf\f eF{X)}. 

For two cosets Hf and Hg and a letter x & X we introduce a directed edge with origin Hf, terminus 
Hg and label x whenever Hfx = Hg. This defines an X-digraph A. Put w = if to be the coset of the 
identity element 1 € F{X). 

Note that A is a connected graph. Indeed, suppose / = Xi . . . x„ is an arbitrary nontrivial freely 
reduced word in X^"^ (here Xi £ XUX^^). Then for each i = 1, . . . , n — 1 there is an edge in A from 
Hxi . . .Xi to Hxi . . . XiXi+i with label Xi+i. Therefore there is a path in A from v = HI to Hf with 
label /, and so A is connected. 

Observe now that F is folded. Suppose this is not the case and there is a vertex u ~ H f with two 
distinct edges ei, 62 which have the same label a; G X U X~^. Let ui and U2 be the terminal vertices of 
ei and 62 accordingly. By definition of A this means that Ui = fxH = U2. However, by the construction 
of A, for any pair of vertices vi,V2 and any x G X U X~^ there is at most one edge from vi to V2 with 
label X. Thus ei =62, contrary to our assumptions. 

We claim that L{A, v) = H. Indeed, suppose / is a nontrivial freely reduced word with is a label of a 
loop p at w in A. Again let / = xi . . . , .t„ where Xi £ X UX^^. The definition of A implies that for every 
i = 1, . . . ,n the terminal vertex of the initial segment of p with label Xi . . .x — i is the coset Hxi ... a;,. 
In particular the terminal vertex of p is Hxi . . .Xn = Hf. On the other hand the terminal vertex of p is 
H by assumption. Therefore Hf = H and so f € H. Thus we have shown that L{A, v) C H. 

Suppose now that / is an arbitrary nontrivial freely reduced word such that f € H. As we have 
seen when proving the connectivity of A, there exists a path p in A with origin v = H and label /. 
Obviously p is reduced since / is freely reduced and A is folded. Let u be the terminal vertex of p. By 
the construction of p we have u = Hf = H = v, since f £ H. Thus p is a reduced loop at v with label 
/. Hence / G L(A, v). Since f £ H was chosen arbitrarily, we have proved that H C L(A, v). 

Thus H C L(A, v) C H and therefore H = L{A, v). 

Now put F = Core{A,v). It is obvious that F satisfies all the requirements of Theorem 5.1. □ 

In a seminal paper [42] C.Sims uses a similar approach to that used in the proof of Theorem 5.1 to study 
subgroups of free groups via "important" parts of their coset graphs. 

Theorem 5.2. Let F{X) be a free group with finite basis X and let H < F{X) be a subgroup of F{X). 
Suppose (Fi,ui) and (F2, ^'2) are connected folded based X-digraphs such that F, is a core graph with 
respect to Vi and i(Fi, vi) = H = L{r2, V2). 



STALLINGS FOLDINGS 



12 



Then there exists a unique isomorphism of X- digraphs w : Fi — > r2 such that 7r{vi) = V2- 

Proof. The uniqueness of tt follows from Lemma 4.2. 

Since H < H, hy Proposition 4.3 there is a morphism tt : Fi — > r2 such that 7r(?;i) = V2- We 
claim that tt is an isomorphism of X-digraphs. Indeed, Proposition 4.3 implies that there is a morphism 
tt' : r2 — > Fi such that 7r'(v2) = vi. Therefore tt'ott : Fi — > Fi is a morphism such that {-k' ot:)[vi) = vi. 
By Lemma 4.2 there is at most one such morphism, namely the identity map on Fi. Thus tt' ott = /rfpi- 
By a symmetric argument tt o tt' = 1(1^2 ■ Therefore tt is an isomorphism as required. □ 

Definition 5.3 (Subgroup graph). Let H < F{X) be a subgroup of F{X). Then by Theorem 5.1 and 
Theorem 5.2 there exists a unique (up to a canonical isomorphism of based X-digraphs) based X-digraph 
(F, u) such that 

1. the graph F is folded and connected; 

2. the graph F is a core graph with respect to v; 

3. the language of F with respect to v is H, that is L(F, v) = H. 

In this situation we call F the subgroup graph (or a subgroup graph- automaton) of H with respect to X 
and denote it by T{H) (or T-^{H)). The base- vertex v is denoted 1h- 

Lemma 5.4. Let H < F{X) be a subgroup of F{X). Then the graph T{H) is finite if and only if H is 
finitely generated. 

Proof. If H is finitely generated then T{H) is finite by Proposition 3.8 and Proposition 4.3. If T{H) is 
finite then H is finitely generated by Lemma 6.1. □ 

6. Spanning trees and free bases of subgroups of free groups 

Lemma 3.3 provides a generating set for the subgroup corresponding to a X-digraph. However, one 
would like to be able to find a free basis or even a free Nielsen reduced basis for this subgroup. We will 
show next that both these goals can be easily accomplished using the original X-digraph. 

Recall that in a connected graph a subgraph is said to be a spanning tree if this subgraph is a tree 
and it contains all vertices of the original graph. If a graph T is a tree then for any two vertices u, u' of 
T there is a unique reduced path in T from u to u' which will be denoted by [u, u'\t- 

Lemma 6.1. Let F be a folded X-digraph and let v be a vertex ofV. Let T be a spanning tree ofV. Let T+ 
be the set of those positive edges ofT which lie outside ofT. For each e € T+ put Pe = [v,o{e)]Te[t{e),v] 
(so that Pe is a reduced path from v to v and its label is a freely reduced word inY, = X\J X~^ .) Also for 
each e G T+ put [e] = n{pe) = M(Pe)- Denote 

YT^{[e]\eeT+}. 

Then Yt is a free basis for the subgroup H = L(T,v) of F{X). 

Proof. We can extend the definition of Pe and [e] for all edges of F (whether positive or negative and 
whether inside or outside of T) by putting Pe = [v, o{e)]Te[t{e), v] and [e] = ^{Pe)- Note that in this case 
Pe-i = {Pe)~^ and [e-i] = [e]-^ 

It is easy to see that if e e E~^T then pe = [v,o{e)]Te[t{e),v] is a path that can be transformed by 
path-reductions into the trivial path and so [e] = 1. We know from Lemma 3.3 that the subgroup H is 
generated by the set {[e] | e € E~^{T)}. Therefore H is in fact generated by the set Yt = {[e] | e e E~^T}. 
It remains to show that Yt is in fact a free basis for H. 

To see this it suffices to show that any nontrivial freely reduced word in Y^^ defines a nontrivial 

element of F{X). Suppose h = [ei] [e^] where A; > 1, € F+ U {Y+y^ = E{r - T) and ^ e,"+\. 

We need to show that h ^ 1. Since T is a tree, for any vertices u,u' of F the path-reduced form of 
the path [u, ^;]T[^', u']t is the path [u,u']t. By definition of h and of [e,] we have h = p where p is the 
following path from to in F: 
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Figure 5. Free basis corresponding to a spanning tree. In this figure the spanning tree T 
is highhghted. The free basis Yt for the subgroup H = L{V,v) is 



p = [v,o{ei)]Tei[t{ei),v]T[v,o{e2)]Te2 ■ ■ ■ [v,o{ek)]Tek[tiek),v]. 
Also by the remark above the path p can be transformed by path-reductions to the path 

p' = [v,o{ei)]Tei[t{ei),o{e2)]Te2 ■ . ■ ei[t{ei), o{ei+i)]Tei+i . . . ek[t{ek) , v]t ■ 

We claim that the path p' is already path-reduced. Note that the segments [i(ei), o(e,+i)]T, [v, o(ei)]T, 
[t(efe), v]t are contained in the tree T and the edges Cj are outside of T. Hence if p' is not path-reduced, 
then for some i t{ei) = o(ei+i) and = e~(_\. However this is impossible by our assumption on h. 

Thus p' is indeed a nontrivial reduced path in F. Since F is folded, this implies that the label of p' is 
a nontrivial freely reduced word in X which therefore represents a nontrivial element of F{X). But p' 
was obtained by a series of path-reductions from p and hence 

1 n{p') =J4^ = j4pj = h 

and /i ^ 1 as required. □ 

Proposition 6.2. Let F be a folded connected X -digraph and let F' be a connected subgraph o/F. Let v 

be a vertex of F'. 

Then H = L{Y' ,v) is a free factor of G = L(T,v). Further, ifV does not contain Core{T ,v), then 
H ^ G. In particular, if both F and F' are core graphs with respect to v and F' C p then H ^ G. 

Proof. Let T' be a spanning tree in F'. Then there exists a spanning tree T of F such that T' is a 
subgraph of T. By Lemma 6.1 the set Yt = {[e] | e G E^iT — T)} is a free basis of G. Moreover, Yt is a 
disjoint union of the sets: 

Yt ={[e] \ e& E+{T -T),e€ F'} U {[e] | e e S+(F - T), e ^ ET'} = 
={[e] I e e E+{T' - T')} U {[e] | e € E+ {T - T), e ^ ET'} = Yt'\JZ 
Thus Yt' is a subset of Yt- Since is a free basis of G and Yt' is a free basis of G, this implies that 
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G = F{Yt) = F{Yt') * F{Z) =H* F{Z) 

and H \s B, free factor of G as required. 

Suppose now that V does not contain Core(r, v). We claim that there is a positive edge e of F which 
does not belong to V and is not in T. Assume this is not the case. Then all edges outside of V lie in T. 
Hence F — F' C T is a union of disjoint trees. This implies that CoreiT, v) is contained in F', contrary 
to our assumptions. Thus the claim holds and hence Z Therefore H ^ G as required. □ 

Corollary 6.3. Let T he a connected folded X-digraph which is a core graph with respect to a vertex v. 
Let T' be a connected subgraph ofT, containing v. Suppose that T' is also a core graph with respect to v. 
Then L{T', v) is a free factor of L(F, v) and L(F', v) ^ L(F, v). 

We will show next that the procedure described in Lemma 6.1 can be improved to obtain a Nielsen- 
reduced free basis of a finitely generated subgroup ofF{X). Here we need to recall the following important 
definition. 

Definition 6.4 (Nielsen set). Let S' be a set of nontrivial elements of the free group F{X) such that 
S n = 0. We say that S is Nielsen reduced with respect to the free basis X if the following conditions 
hold: 

(1) If u, w e 5 U and u ^ then \u ■ v\x > \u\x and \u ■ v\x > \v\x- 

(2) li u,v,w € S U and u ^ w~^,v ^ then \u ■ w ■ v\x > \u\x + \v\x — \w\x- 

Condition (1) means that no more than a half of u and no more than a half of v freely cancels in the 
product u ■ V. Condition (2) means that at least one letter of w survives after all free cancellations in the 
product u ■ w ■ V. 

Recall that the vertex set of any connected graph F is canonically endowed with an integer-vahied 
metric rfr. Namely, the distance between any two vertices u, u' is defined as the smallest length of an 
edge-path from u to i; in F. An edge-path whose length is equal to the distance between its endpoints is 
said to be geodesic in F. 

Definition 6.5 (Geodesic tree). Let F be a connected graph with a base-vertex v. A subtree tree T in 
F is said to be geodesic relative to v if v & T and for any vertex u of T the path [v, u]t is geodesic in F, 
that is a path of the smallest possible length in F from v to u. 

It is easy to see that geodesic spanning trees always exist: 

Lemma 6.6. Let T be a graph (whether finite or infinite) with a base-vertex v. Then there exists a 

geodesic relative to v spanning tree T for F. 

Proof. We will construct the tree T inductively. If F is finite or locally finite and recursive, our procedure 
will produce an actual algorithm for building T. 

We will construct by induction a (possibly finite) sequence of nested trees Tq C Ti C . . . in F such 
that for each n > 

(1) the vertex set of T„ is precisely the ball B{v, n) of radius n centered at v in the metric space (FF, dr) 

and 

(2) the subtree r„ is geodesic relative to v in F. 

Step 0. Put To = V. Obviously To is a tree and To = B(v, 0). 

Step n. Suppose that the trees To C Ti C • • • C T„_i have already been constructed. Suppose further 
that for each i <n — 1 we have VTi = B{v, i) and that Ti is geodesic relative to v. 

For each vertex u of F at the distance n from v choose an edge e„ with terminus u such that (i(o(e„), v) = 
n—1. (For instance we can take e,j to be the last edge of a geodesic path from u to u in F). Put 

r„ = Tn-i U |J{e„ I u e Vr, d{v, u) = n} 

It is easy to see that r„ is a geodesic tree containing T„_i and that VTn = B(v,n). 

Put r = U T„. Then T is a geodesic spanning tree (relative to v) for F, as required. □ 

n>0 
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Proposition 6.7 (Nielsen basis). Let T be a folded X-digraph which is a core graph with respect to a 
vertex v ofT. Let H = L{T,v) < F{X) and let T be a spanning tree in T which is geodesic with respect 
to V. 

Then the set Yt is a Nielsen-reduced free basis of the subgroup H. 

Proof Recall that Yt = {[e] = n{[v,o{e)]Te[t{e),v]T)\e G E+{r -T)}. Moreover, [e]-^ = [6"^] = 
fi{[v,o{e-^)]Te[t{e-^),v]T) where e G E+{T-T)}. 

Note that since the tree T is geodesic we have ||[f,o(e)]T| — |[i(e), i^jrll < 1 for each e G E{T — T). 
Note also that the path pe = [v, o(e)]Te[t(e), v\t (where e G E{T — T)) is path-reduced and therefore its 
label is freely reduced. 

This means that for the path pe (with e G E{V — T)) we have 

\[v,o{e)]T\ < (l/2)be| = (l/2)|[e]|x and \[t{e),v]T\ < (l/2)|pe| = (l/2)|[e]|x 

and 

\e[tie),v]T\ > (l/2)be| = (l/2)|[e]k, lb,o(e)]re| > l/2)be| = il/2)\[e]\x. 

We already know from Lemma 6.1 that the set Yt is a. free basis oi H. It remains to check that Yt is 

Nielsen- reduced. 

We first check condition (1) of Definition 6.4. Suppose e, / G E(r — T) and e ^ f~^. Then the 
path-reduced form of the pathpeP/ = {v,o{e)\Te\t{e),v\T{v,o{f)]Tf\t{f),v\T is the path 

p' = [v,o{e)]Te[t{e),o{f)]Tf[t{f)MT. 

The label of this path is freely reduced (since F is folded and therefore it is equal to [e] • [/] G H . Since p' 
has a subpath [v,o{e)\Te, we conclude that |[e] • [f]\x > (l/2)|[e]|ji:- Since p' has a subpath f\t{f),v\T-, 
we conclude that |[e] • [f]\x > (l/2)|[/]|x. Thus condition (1) holds. 

We will now verify condition (2) of Definition. Suppose e,f,gG E{r — T) are such that e ^ f~^,g 7^ 
f-\ We need to show that |[e] • [/] • [g]\x > \[e]\x + \[g]\x - \[f]\x. 

The path-reduced form of the concatenation 

PePfPg = [v, o{e)]Te[t{e),v]T[v, o{f)]Tf[t{f), v]t[v, o{g)]Tg[t{g),v]T 

is the path 

p" = [v,o{e)\Te[t{e),o{f)\TfW),o{g)\Tg[t{g)MT 
When PePfPg is transformed to p' , we have to cancel the terminal segment of Pe of length at most 
|[t',o(/)]T| and the initial segment oi pg of length at most |[i(/),w]T|- Since the edge / ofp/ survives, we 
have 

b"| > 1 + + - \[v,o{f)]T\ - \[t{f),v]T\ > 1 + IPel + kl - (1/2) |P/ 1 - (1/2) |p/ 1 > IPel + K| - \Pf\ 

and so 

\[e]-{f]-{9]\x>\[e]\x + \[g]\x-\[f]\x 
as required. □ 

Corollary 6.8. Let H < F{X) be a subgroup of F{X). Then H is free. Moreover, there is a Nielsen- 
reduced free basis for H. 

Proof. Consider the graph r{H). By Lemma 6.6 there exists a geodesic spanning tree T in T{H). Hence 
by Proposition 6.7 the set It is a Nielsen-reduced free basis for H. In particular H is free. □ 

Historical Note 6.9. The fact that finitely generated subgroups in a free group F{X) of finite rank are 
free must have been known to Klein and Pricke in 1880's. The first formal proof is due to Jacob Nielsen 

and appeared in 1923 (see [38]). Later Nielsen generalized it to arbitrary subgroups of F{X) in 1955 
[36]. Today this statement appears trivial by topological considerations. Indeed, F{X) can be realized as 
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the fundamental group of a topological graph. A covering space of a graph is a graph and fundamental 
groups of graphs are free. 

However, the existence of a Niels en- reduced free basis is not at all trivial, even for finitely generated 
subgroups of F{X). The standard argument, due to J.Nielsen himself, uses a rather complicated machin- 
ery of Nielsen transformations and a particular choice of wcU-ordcring on F{X). The advantage of our 
approach is that we use only very elementary combinatorial objects. 

Remark 6.10. It can be shown, for example by looking at abelianizations, that for a free group any two 
bases have the same cardinality. If F is a finitely generated free group, then the cardinality of any free 

basis of F is called the rank of F and denoted rk{F). It is easy to sec that for finitely generated free 
groups F and Fi the free product F * Fi is also a free group and rk{F * Fi) = rk{F) + rk{Fi). 

7. Basic algebraic and algorithmic properties of subgroup graphs 

In this section we will restrict our attention to finitely generated subgroups of free groups. Moreover, 
we will be particularly interested in algorithmic aspects of various group- theoretic statements. 
Till the end of this section let X be a finite set and let F = F{X) be the free group on X. 

Proposition 7.1 (Constructing T{H)). There is an algorithm which, given finitely many freely reduced 
X-words hi,. . . , hk, constructs the graph T{H), where H = {hi, . . . , hk)- 

Proof. This follows immediately from the proof of Proposition 3.8. Indeed, if we start with a wedge of 

k circles with the words hi, . . . ,hk written on them and then perform all possible foldings, the resulting 

X-digraph will be r(if). Note that the original wedge-of-circles graph has M = \hi\x-\ \-\hk\x edges. 

Since every folding reduces the number of edges by one, we will obtain the graph T{H) in at most M 
steps. □ 

Proposition 7.2 (Generalized word problem). The group F = F{X) has solvable generalized word 
problem. 

That is, there exists an algorithm which, given finitely many freely reduced X-words hi,...,hk and 
given a freely reduced X-word g decides whether or not g belongs to the subgroup H = {hi,. . . , hn) of F. 

Proof. We first construct the graph T{H) as it is done in Proposition 7.1. Recall that L{r{H), Ijj) = H 
by definition of r(iJ). 

Thus to decide ii g € H, we simply have to check whether or not the graph T{H) accepts the word 
g. Recall that r(H) is folded and that the language L(r(if),ljj) consists of all labels of reduced paths 
in T{H) from 1h to 1h. Given a freely reduced word g = Xi . . . Xm, Xi £ T, = X U X~^ we can check 
whether g e L(r{H), 1h) as follows. 

First we check if there is an edge in T{H) with origin Ijj and label xi (since F is folded, such an edge 
is unique if it exists). If yes, we move to the terminal vertex of this edge, which we denote vi. If no, 
we terminate the process. We then check if there is an edge in T{H) with origin vi and label X2. If yes, 
we move to the terminal vertex of this edge, which we denote V2. If no, we terminate the process. By 
repeating this procedure at most k times we either will terminate the process, in which case we conclude 
that g ^ L{T{H), Ir), or we find a vertex such that the word g is the label of a reduced path in 
T{H) from 1h to Vk- If Vk 7^ Ijj, we conclude that g ^ L{r{H), 1h) and if Vk = 1h, we conclude that 
g€L{T{H),lH). □ 

Recall that a core graph is connected and has at most one vertex of degree one (namely the base- vertex). 

Definition 7.3 (Type of a core graph). Let F be a folded X-digraph which is a core graph with respect 
to some vertex. Suppose that F has at least one edge. 

If every vertex of F has degree at least two, we set the type of F, denoted Type{T) to be equal to F. 

Suppose now that F has a vertex v of clcgrec one (such a vertex is unique since F is a core graph). 
Then there exists a unique vertex v' of F with the following properties: 
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(a) There is a unique F-geodesic path [v, v'] from v to v' and every vertex of this geodesic, other than v 

and v' , has degree two. 

(b) The vertex v' has degree at least three. 

Let r' be the graph obtained by removing from F ah the edges of [v, v'] and all the vertices of [v, v'] 

except for v'. Then T' is called the type of T and denoted TypeiV). 
Finally, if F consists of a single vertex, wc set TypeiV) = F. 

Remark 7.4. Observe that Type{T) is an X-digraph which does not have a distinguished base-vertex. 
Note also that the graph F' = TypeiT) is a core-graph with respect to any of its vertices. Moreover in 
the graph F' every vertex has degree at least two and F' = Type(F'). 

Lemma 7.5. Let T he a folded core graph (with respect to one of its vertices). Let v and u be two vertices 
ofT and let q he a reduced path in F from v to u with lahel g e F{X). Let H = HT, v) and K = i(F, u). 
Then H = gKg-^. 

Proof. Let p be a reduced path in F from it to u (so that — k ^ K). Then the path p' = qpq^^ is a 
path from v to v with label /i(jo') = i-i{q) fi{p){fj,{q))~^ . Thus the freely reduced form of /i(p') is equal to 
the element g ■ k ■ g^^ G F{X). The path p' can be transformed by several path-reductions to a reduced 
path p" from v to v. Hence iJ.{p") G L(r,v) = H. On the other hand n{p") = fi{p') = g ■ k ■ g~^. Thus 
we have shown that for any k e K we have g ■ k ■ g~^ G H so that gKg~^ C H. A symmetric argument 
shows that g~^Hg C K and thus H C gKg~^. Therefore H = gKg~^, as required. 

□ 

Lemma 7.6. Let H < F{X) and let F = r{H). 

Let g e F{X) be a nontrivial freely reduced word in X. Let g = yz where z is the maximal terminal 
segment of the word g such that there is a path with label z^^ in F starting at 1h (such a path is unique 
since F is folded). Denote the end-vertex of this path by u. Let A' be the graph obtained from F as follows. 
We attach toTatu the segment consisting of \y\ edges with label y~^ , as read from u. Let u' be the other 
end of this segment. Put A" ~ Core(r\u'). 

Then (A",m') = (F(K), 1;^) where K = gHg'\ 

Proof. Let A be the graph obtained by attaching to F at 1// a segment of \g\x edges, labeled g, which 
has origin v and terminus In- It is easy to see that (i(A, w)) = gHg^^. However, the graph A is not 
necessarily folded. If we fold the terminal segment z oi g (as defined in the statement of Lemma 7.6) 
onto the path in F with origin 1h and label z^^, the resulting graph A' is obviously folded. Therefore 
L{A',u') = H (where u' is the image of v in A'). It can still happen that A' is not a core graph with 
respect to u'. (see Figure). However the graph A" — Core{A', u') is a folded, is a core graph with respect 
to u' and has the property L[A" , u') = K. Hence (A", u') = {T{K), Ik), as required. □ 

The following observation will allow us to decide when two finitely generated subgroups oi F{X) are 
conjugate. 

Proposition 7.7. [Conjugate subgroups] Let H and K be subgroups of F{X). 

Then H is conjugate to K in F{X) if and only if the graphs Type{T{H)) and Type{T{K)) are iso- 
morphic as X-digraphs. 

Proof. Suppose that Type{T{H)) = Type{T{K)) = F. Let w be a vertex of F. It follows from Lemma 7.5 
that the subgroup Z/(F, v) is conjugate to both H and K, so that H is conjugate to K. 

Suppose now that K is conjugate to H, that is K = gHg~^ for some g € F{X). Lemma 7.6 implies 
that Type{T{H)) = Type{T{K)), as required. □ 

Corollary 7.8 (Conjugacy problem for subgroups of free groups). There is an algorithm which, given 
finitely many freely reduced words hi, . . . , hg, ki, . . . , k^, decides whether or not the subgroups H = 
{hi, . . . , kg) and K = {ki, . . . , km) are conjugate in F{X) 
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r(H) 



r(K) 



Figure 6 

Proof. First we construct the graphs T{H) and T{K), as described in Proposition 7.1. By chopping- 
off segments with origin Ik if necessary, we then obtain the graphs F = Type{T{H)) and A = 
Type(T(K)). It remains to check whether F and A are isomorphic as X-digraphs. This can be done by 
fixing a vertex v £ VT and comparing for each vertex u £ VA the based X-digraphs (F, v) and (A, u). □ 

Proposition 7.9. Let H, K < F(X) and g G F{X) . Let g = yz where z is the maximal terminal segment 
of g such that is the label of a path in T{H) with origin 1h- Let y = y'y" where y' is the maximal 
initial segment of y which is the label of a path in V{K) with origin Ik- 
Suppose that the word y" is nontrivial. Then 

{gHg-\K)=gHg-UK. 

Proof. Consider the graph F obtained in the following way. First wc take an edge-path pg of length \g\x 
with label g and attach its origin to \k and its terminus to Ih- The path pg is a concatenation of the 
form Pg = p'p"q where /x(p') = y' ^ n{p") = y" and ^{q) = z. 

Then we fold the segment q of Pg onto the path (starting at Ih) with label z~^ in T{H) and we fold 
the segment y' of Pg onto the path (starting at Ik) in T{K). We denote the resulting graph F. 

Thus F consists of the graphs T{H) and T{K) joined by a segment with label y" (see Figure 6). By 
a slight abuse of notation we will still call this segment p" and we will also refer to the images of T{H) 
and T{K) in F as T{H) and T{K). The construction of F implies that it is a folded X-digraph. 

It is not hard to see now that L{T, Ik) = gHg~^ * K. Indeed, choose a spanning tree Th is F(i7) 
and a spanning tree Tk in T{K). Then T = Th U Tk Up" is a spanning tree in F. Wc can use it to 
produce a free basis Yt for L(F, Ik) as described in Lemma 6.1. Then It is a disjoint union of two 
subsets Yt = Yh U Yk where Yh are the generators corresponding to the edges in T{H) — Th and Yk 
are the generators corresponding to the edges in T{K) — Tk- 

Each / e is the label of a path a/ = [lK,u]Tii^p"[v,o{e)\T{H)e-\t{e.),v\TH{p")~^[u,lK\TK where 
e G E^{T{H) — Th)- The path pf can be obtained by path-reductions from 

a'f = {[IkMtk{p')~^)p'p"(1{(1~\v, lH]T«)[lff , o(e)]T„e[t(e), lH]T{[lH,v]Tu(l)(r\p")-\p')-\p'[u, 1k]t^) 
that is 

"/ = {[^K,u\TK{p')~^)Pg{q~^[v, lH]TH)Pe{[^H,v\T„q)p~'^{p'[u, Ik\tk) 

where Pe = [l_f/, o(e)]T„e[t(e), Ih]t is the path from Ih to Ih in T{H) defining one of the standard 
free generators of H relative the tree Th- 

Since [1^, u]tk (p')~^ is a path in F(i^) from Ik to Ik, the label of this path determines an element 
k G K. Similarly, since q~^[v,lH]TH = {[^h,v]thQ)~^ is a path in T{H) from Ih to Ih, the freely 
reduced form of its label is an element h £ H. 
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Since the set = {^i{Pe) I e e E~^{T{H) — Th)} is a free basis of H, the set Zh = g-h- ■ ■ 

is a free basis of gHg^^ . Thus Yu = k ■ Zn^r^- 

On the other hand the set Yk is clearly exactly the free basis of K corresponding to the spanning tree 
Tk in TiK). 

Since we know that Yr — Yh U Yk is a free basis of the subgroup i(r, \k) and F{Yk) = K \t follows 
that {k~^YHk) U It = Zh U It is also a free basis of L(r, Ik)- Therefore 

L{T, Ik) = F{Zh U Yk) = F{Zh) * F{Yk) = gHg-' * K 
as required. □ 

Proposition 7.10. Let H < F{X) be a finitely generated subgroup and let T = T{H). Let g G F{X) be 
such that g"' € H for some n > 1. Then there exists m < #VT, m > 0, such that g"^ G H. 

Proof. We may assume that g ^ H, since otherwise the statement is obvious. 

Let g = fdf~^ where the subword / of is cyclically reduced. Then for any i>l the freely reduced 
form of 5* is fd^f~^. 

Let n > 1 be the smallest positive integer such that 5" e H. Since g ^ H, we have n > 1. Suppose 
that n > #yr. 

Since g" G H, the freely reduced word fd"'f~^ is the label of a reduced path p in F from 1h to Ijj. For 

each fc = 0, 1, . . . , n let Wfe be the end- vertex of the initial segment of p with label fd''. Since n > #VT, 
for some 1 < i < j we have Vi = Vj = v. Then the subpath a of p from Vi to vj has label d^~^, so that 
p = p\ap2- Put p' be the path obtained from p by removing the subpath a, that is p' = p\P2- It is obvious 
that the label of p' is Moreover, since i > 1, we have \ < n — [j — i) < n, n — [j — i) > Q 

and so the word fd^~^^~^^ f~^ is freely reduced. Since F is folded, the path p' is reduced as well. 

Therefore by definition of T{H) we have 5r"-(j-') g H and 1 < n — {j — i) < n. This contradicts the 
choice of n. □ 

Corollary 7.11. There exists an algorithm which, given finitely many freely reduced words 

g,hi,...,h,G F{X) 

decides whether or not some nonzero power of g belongs to the subgroup H = {hi,. . . , hs). 

The use of subgroup graphs also allows us to easily determine whether one subgroup is conjugate to a 

subgroup of another. 

Lemma 7.12. Let K,H be subgroups of F(X). Then there is g € F{X) with gKg~^ < H if and only if 
there exists a morphism of (non-based) X-digraphs n : Type{T{K)) — > Type{T{H)). 

Proof. Suppose K is conjugate to a subgroup of H. Since conjugation preserves type, we can assume 
that T{H) = Type{T{H)). Let g e F{X) be such that gKg-^ < H. By Proposition 4.3 there exists 
a morphism (3 : r{gKg~^) — > T{H). However by Lemma 7.6 Type(r{K)) = Type{T{gKg~^)) is 
a subgraph of T{gKg~^). The restriction of /? to this subgraph produces the desired morphism tt : 
TypeiTiK)) — . Type{riH)). 

Suppose now that a morphism tt : Type{T{K)) — »• Type(T{H)) exists. Let / be the label of the 
shortest path in T{K) from to Type{T{K)) and let u be the terminal vertex of this path. Let 
V = Tr(v,) be the image of this vertex in T(H). 

Let c be the label of a shortest path from 1h to v in r{H). Thus by Lemma 7.5 L{Type{K),u) = 
f-^Kf and L{Type{H),v) = c-'Hc, so that {TypeiK),u) = iTif-^Kf),lf-iKf) and {Type{H),v) = 
(F(c~^i?c), Ic-iffc)- Since TT can also be considered as a morphism TT : {T{f~^Kf),lf-iKf) — > (F(c~^ifc), Ig-iijc)) 
Proposition 4.3 implies that 

f^^Kf < c-^Hc, and K < {f ■ c-^)H{f ■ c'^)'^ , 

as required. Then K is conjugate to a subgroup of H by Proposition 7.7 and Proposition 4.3. □ 
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Corollary 7.13. There exists an algorithm which, given finitely many freely reduced words 

ki,...,ks,hi,...,hm e F{X), 

decides whether or not there is g € F{X) such that gKg~^ < H, where K = {ki, . . . ,ks), H = 
{hi, . . . , hm) ■ Moreover, the algorithm, will produce one such g if it exists. 

Proof. Wc first construct the graphs T{K),r{H) and their typc-snbgraphs Ty'pe{T(K)), TypeiT{H)). 
Let u be tlie vertex of Type{Y{K)) closest to Ik (thus u — Ik if ^{K) — Type{T{K)) and u is the 
terminal vertex of the segment from Ik to Type{T{K)) otherwise). Let / be the label of the unique 
reduced path from Ik to u in T{K). 

We then enumerate the vertices of Type{T{H)) and for each vertex v check whether there exists a 
morphism tt : Type{T{K)) — > Type{T{H)) which takes u to v. If no such vertex of Type{T{H)) is 
found, K is not conjugate to a subgroup of H by Lemma 7.12. If such v is found, then by the proof of 
Lemma 7.12 gKg~^ < H where g = f ■ c^^ and c is the label of a reduced path from 1h to v in T(H). □ 

8. Finite Index, Commensurability and Marshall Hall Theorem 

Definition 8.1 (Regular digraphs). An X-digraph F is said to be X-regular if for every vertex of F 
and every x £ X \J X~^ there is exactly one edge in F with origin v and label x. 

We need to prove the following simple graph-theoretic statement. 

Lemma 8.2. Let T be a finite connected digraph. Let T be a spanning tree in F. Then #i?+(F — T) = 
#E+r - #FF + 1. 

In particular, if V is a finite connected folded X -digraph then #Yt = #E^T — #FF + 1. Thus if v is 
a veHex ofT and H = L(r,v) then rk{H) = #E+r - #1/F + 1. 

Proof. It is easy to prove by induction on the number of edges that for a finite tree the number of vertices 
minus the number of positive edges is equal to one. 
Hence #E+T = #VT - 1 = #VT - 1. Therefore 

i^E+T = #E+T + #E+{T -T) = #yF - 1 + #£;+(F - T) 

and so 

#E+{T -T) = #E+r - #yF + 1 
as required. □ 

The above statement can be used to compute the rank of a finitely generated subgroup H < F{X) via 
its graph T{H). 

We can now give a criterion for a subgroup H < F{X) to be of finite index in F{X). 

Proposition 8.3 (Finite index subgroups). Let H be a subgroup of F{X). 

Then \F{X) : H\ < oo if and only if T{H) is a finite X-regular graph. In this case \F{X) : H\ = 

Proof. Assume first that \F{X) : H\ = s < oo. Then H is finitely generated and thus F(7J) is finite. 
Suppose that F(iJ) is not X-regular. Then there is a vertex w of F and a letter x <E X IJ X~^ such that 
there is no edge labeled x with origin v in F. Choose a reduced path p from 1h to u in F and let w = nip). 
Then the word wx is freely reduced and, moreover, no word with initial segment wx is accepted by V(II). 
Thus for any freely reduced word y whose first letter is not x^^ , we have wxy ^ H. 
Since \F{X) : H\ = s < oo, there exist s elements gi, . . . ,gs £ F{X) such that 

Fix) = HgiU---UHg, 

Let M = max{\gi\x \ i = 1, . . . , s} and let / = wx^~^^. Then for some gi we have / • g~^ € H. By the 
choice of M the freely reduced form z of f-g~^ has initial segment wx and therefore z ^ L{T{II), 1h) = H. 
This contradicts our assumption that f ■ g^^ € H . 
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Suppose now that T{H) is an X-regular finite graph. We want to show that the index of H in F{X) 

is finite and, moreover, that it is equal to the number of vertices in T{H). 

For each vertex v of T{H) choose a reduced path py from Ijj to v in T{H) and denote = n{pv)- We 
claim that 

(1) F{X) = ^{H-gy\v&VT{H)}. 

Let / G F{X) be an arbitrary freely reduced word. Since T{H) is X-complete, there is a path a in 
T{H) with origin 1h and label /. Let u be the terminal vertex of this path. Then ap~^ is a path in T{H) 
from 1h to Ir with label fg^^- Therefore the freely reduced form of the word fg~^ is accepted by V{H) 
and so / • E H, f E H ■ gu- Since / e F{X) was chosen arbitrarily, we have verified that (1) holds. 

This already implies that H has finite index in F{X). To prove the proposition it remains to check 
that if V and u are distinct vertices of T{H) then Hg^ ^ Hgu. Suppose this is not so and for some v ^ u 
we have Hgy = Hgy. Then g„ ■ g~^ = h E H . The path p = PvPZ^ has label gvgy^ and hence the 
path-reduced form p' of p has label h. Since p' is a reduced path starting at Ijj with label h £ H, the 
terminal vertex of p' is also 1h- Path-reductions do not change the end-points of a path. Therefore the 
terminal vertex of p is 1h, as well as the initial vertex of p. However this implies that the paths py and 
Pu have the same terminal vertices and v — u, contrary to our assumptions. □ 

Corollary 8.4 (Schrier's Formula). Let H be a subgroup of finite index i in a finitely generated free group 
F = F{X). Then 

rk{H) ~ 1 =i{rk{F) - 1) 

Proof Let F = r{H). Then by Lemma 8.2 rk{H) - 1 = #E+r - #Vr. 

Since \F : H\ = i < oo, the graph F is X-regular and the degree of each vertex is 2#X = 2rk{F). If we 

add up the degrees of all vertices of F, we will count every edge twice. Therefore 2rk{F)^VT = 2#£'+F 
and rk{F)#VT = #E+T. Recall also that by Proposition 8.3 #yF = i. Hence 

rk{H) - 1 = #E+r - #yF = rk{F)#VT - #Vr = rk{F)i - i = i{rk{F) - 1) 

as required. □ 

Corollary 8.5. There exists an algorithm which, given finitely many freely reduced words hi,. . . ,hs G 
F{X), computes the index of the subgroup H = {hi, . . . ,hs) in F{X). 

Proof. We first constrict the finite graph T{H) and then check if it is X-regular. If no, the subgroup H 
has infinite index in G (by Proposition 8.3). If yes, the index of if in G is equal to the number of vertices 
of T{H) (also by Proposition 8.3). □ 

Definition 8.6. Let H he a. subgroup of a group G. The commensurator GommG{H) of H in G is 
defined as 

CommG{H) = {gEG \ \H : H n gHg-'^\ < oo and \gHg-'^ : H n gHg-'^\ < oo} 
It is easy to see that CommG{H) is a subgroup of G containing H. 

Lemma 8.7. Let H < F{X) be a nontrivial finitely generated subgroup. Then \F{X) : H\ < oo if and 
only if F{X) = Commp(x){H). 

Proof. It is obvious that \F{X) : H\ < oo implies F{X) = Commp(^x){H). Suppose now that H is a 
finitely generated subgroup of F{X) and F{X) = Commp(^x){.H). Assume that \F[X) : H\= oo. 

Then the graph T{H) is not X-regular. Thus there is a vertex v £V and a letter x e X U X~^ such 
that there is no edge labeled x with origin v in V{H). Since _ff is a nontrivial subgroup of infinite index 
in F{X), the rank of F[X) is at least two and so #(X) > 2. Let a e X be a letter such that a ^ a;^^. 
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Since for any g e F{X) we have \gHg ^ : H (1 gHg ^| < oo, for any element of gHg ^ some power of 
this element belongs to iJ fl gHg~^ and so to H. Hence for any g G F{X) and any h £ H there is n > 1 
such that g-^h'^g € H. 

Let h G H he a. nontrivial element, so that /i is a freely reduced word in X. Let y G X U X~^ be the 
first letter of h and let z G X L) X~^ be the last letter of h. Then for any m > 1 the freely reduced form 
of h" begins with y and ends with z. 

Let w be the label of a reduced path in r(iJ) from 1h to v. Since there is no edge labeled x with 
origin v in T(H), any freely reduced word with initial segment wx docs not belong to H. 

Put q = y if y z~^. li y = z~^ and y € {x, x~^}, put q = a. li y = z~^ and y ^ {x, x~^}, put q = x. 
Then for any m > 1 the word qh™q~^ is freely reduced. (Recall that h™ is the freely reduced form of 

Choose a freely reduced word w' such that the word wxw'q is freely reduced. This is obviously 
possible since X has at least two elements. Put g = wxw'q. By our assumptions there is n > 1 such 
that the clement g ■ h'^g~^ belongs to H . However by the choice of q the freely reduced form of gh"g~^ 
is wxw'qy . . . zq~^{w')~^x~^w~^ . The word wxw'qy . . . zq~^(w')~^x~^w~^ has initial segment wx and 
hence cannot represent an element of H. This yields a contradiction. □ 

Corollary 8.8 (Greenberg-Stallings Theorem). [19], [43] Let H,K be finitely generated subgroups of 

F[X) such that H H K has finite index in both H and K . 
Then H H K has finite index in the subgroup {H U K). 

Proof. Let G = {H U K) and L = H n K. Since \H : L\ < oo and \K : L\ < oo, we have H < 
Comnipi^x){L), K < Commpi^x){L) and hence G = {H U K) < Commp^x){L). 

Both H and K arc finitely generated and therefore so arc G and L (recall that L is a subgroup of 
finite index in a finitely generated free group H). Hence by Corollary 6.8 G is a free group of finite 
rank, G = F{S) for some finite set S. Since G < CommF{x){L), we have G = CommG{L). This, by 
Lemma 8.7, implies that \G : L\< oo, as required. □ 

Proposition 8.9. Let H be a nontrivial finitely generated subgroup of F{X). Then H has finite index 
in Commp(x){H). 

Proof. Let G = Commp(x) (H). If G is finitely generated then G is a free group of finite rank containing 
H and G = GommaiH). Hence |G : iJ| < oo by Lemma 8.7. 

Suppose now that G is not finitely generated. Then G = F{Y) where Y is an infinite free basis of 
G. Since H is finitely generated, the elements of a finite generating set for H involve only finitely many 
letters of Y. Thus H is contained in a finitely generated free factor ^ of G and G = A*B where B is a free 
group of infinite rank. However G = Comm,Q{H) and so for each g G G we have \H : gHg^^ n < oo. 
However for any b £ B bAb~^ Ci A = 1 and so bHb~^ H H = 1. This contradicts the fact that H is 
nontrivial and thus infinite. □ 

Lemma 8.10. Let T be a finite folded X -digraph. Then there exists a finite folded X-regular digraph V 
such that T is a subgraph of V and such that W = VT 

Proof. Let a; e X be a letter. Denote by ix the number of vertices in F which do not have an outgoing 
edge labelled x. Similarly, denote by jx the number of vertices in F which do not have an incoming edge 
labelled x. Let Ux be the number of edges in F labelled x. It is clear that Ux is equal to the number of 
vertices having an incoming edge labeled x. Similarly, is equal to the number of vertices having an 
outgoing edge labeled x. Hence 

#yF -Hx ^ix = jx- 

Therefore by adding exactly ix = jx edges labelled a; to F we can obtained a folded X-graph with the 
same vertex set as F where each vertex has an incoming edge labelled x and an outgoing edge labelled 
X. Repeating this process for each letter x G X we obtain an X-regular graph F' with the properties 
required in Lemma 8.10. □ 
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r'=r(L) 

Figure 7. An illustration of M.Hall Theorem. We start with a cyclic subgroup 
H = (62a-2) < F{a,b) (so that X = {a,b}) and g = ab ^ H. Then the 
graph r containing r{H) is completed to an X-regular graph V corresponding so 
a subgroup L < F{a, b) of index 5. The highlighted spanning tree T in F' = 
r(L) can be used to find a free basis of L (containing as a subset a free basis of 
H): {b^a-^,a\a\aba-\bab-^,ba%-'^,baba-^b-'^}. Thus L = H*K where K = 
{a^, a^b, aba~^,bab~^, ba^b^^ ,baba~^b~^). It is clear that g = ba ^ L. 

The graph-theoretic criterion of being a subgroup of finite index can also be used to prove the following 
classical result due to M.Hall [20]. 

Theorem 8.11 (Marshall Hall's Theorem). Let H be a finitely generated subgroup of F{X). Let g G 
F{X) be such that g ^ H. 

Then there exists a finitely generated subgroup K of F{X) such that 

1. L = {H,K) =H*K; 

2. L has finite index in F{X); 

3. g^H. 

Proof. Let H < F{X) be a finitely generated subgroup. If H has finite index in F{X), then K = 1 
satisfies the requirement of Theorem 8.11. Suppose now that H has finite index in F{X). Then T{H) is 
not X-complete. 

Write the element g as a freely reduced word in X and construct an X-graph Z which is a line-segment 
subdivided into l^l edges with initial vertex u and terminal vertex v such that the label of Z read from 
u to t; is precisely g. 

We join the graphs T{H) and Z by amalgamating 1h and u into a single vertex. Let Fq be the resulting 
X-graph. We then perform all possible X-foldings on Tq and denote the resulting graph by F. Note that 
T{H) is canonically a subgraph of F. We can also think about F as the result of "wrapping" onto T{H) 
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the maximal initial segment of g which can be red in T{H) starting at Ir- Let v' be the image of v in T. 
Note that v' ^ 1h since g ^ H . The graph T is finite, connected and X-folded by construction. 

By Lemma 8.10 there exists a connected X-regular graph T' containing F as a subgraph and having 
the same vertex set as T. 

Thus L ~ L(r', 1h) is a subgroup of finite index (equal to #Vr) in F{X). Since T{H) is a subgraph 
of r and hence of F', Proposition 6.2 implies that if is a free factor of L. Moreover, the path labelled 
g with origin 1h in V terminates at the vertex v' ^ Ijj. Hence g ^ L, as required. Theorem 8.11 is 
proved. □ 

It is easy to sec that our proof of M. Hall's Theorem is algorithmically effective. An example of how 

such an algorithm works is given in Figure 7. 

Remark 8.12. Theorem 8.11 implies that a free group F{X) of finite rank is subgroup separable, that is 
to say any finitely generated subgroup H of F{X) is equal to the intersection of finite index subgroups 

of F{X) containing H. This is an important and nontrivial property of free groups. 

Corollary 8.13. There exists an algorithm which, given a finite set of freely reduced words hi, ... , km € 
F{X) produces the following for the subgroup H = {hi, . . . , hm) < F{X): 

1. The graph of a finitely generated subgroup L < F{X) such that H is a free factor of L and L is a 
subgroup of finite index in F{X). 

2. A free basis Y of L decomposed as a disjoint union Y = Yh U Yq, where Yh is a free basis of H. 
Thus L = F{Y) = H*C where C = F{Yc). 

3. The index of L in F{X). 

Proof. Wc first construct the graph T{H) and then complete it to an X-regular folded graph A without 
adding any new vertices. Thus (A, 1h) = (r(i), 1l) and L has finite index in F{X). In fact this index 
is equal to the number of vertices in F(iJ). 

We then find a spanning tree T in T{H). Since the vertex sets of F(iJ), T{L) are the same, T is also 
a spanning tree in r(L). We then make a free basis Y = Yt for L as described in Lemma 6.1. The 
set Y naturally decomposes into a disjoint union Y = Yh U Yc, where Yh is a free basis of H (those 
elements [e] of Yt corresponding to e e E+{T{H) - T) form Yh). Thus L = H *C (where C = F{Yc)) 
as required. □ 

It turns out that X-regular graphs are essential for describing normal subgroups of F{X). 

Theorem 8.14 (Normal subgroups). Let H < F{X) be a nontrivial subgroup of F{X). Then H is 
normal in F{X) if and only if the following conditions are satisfied: 

1. The graph T{H) is X-regular (so that there are no degree-one vertices in T{H) and hence T{H) = 
Type{T{H))). 

2. For any vertex v ofT{H) the based X-digraphs iT{H),lH) and {T{H),v) are isomorphic (that is 
L{T{H),v) = H). 

Proof. Suppose first that conditions (1) and (2) are satisfied. Let g G F(X) be an arbitrary freely reduced 
word. Since T{H) is folded and X-regular, there exists a unique path p in V{H) with origin In and label 
g. Let V be the terminal vertex of p. By Lemma 7.5 L{T{H),v) = gHg~^. On the other hand by 
assumption (2) L{T{H), v) = H. Thus gHg~^ = H. Since g € F{X) was chosen arbitrarily, this implies 
that H is normal in F{X). 

Suppose now that H ^ 1 \s normal in F(X). Note that the; degree of 1h in F(i7) is at least two. 
Indeed, suppose there is only one edge with origin 1h and let x be the label of this edge. Then any 
element of H (considered as a freely reduced word) has the form xwx~^. Let h = xwx~^ £ H he one 
such nontrivial element. The cyclically reduced form g of /i is conjugate to h and hence belongs to H 
(since H is normal). However, a cyclically reduced word cannot have the form x . . . x~^. 

Thus the degree of 1h is at least two and so TypeiT{H)) = T{H). 

Let g G F{X) be an arbitrary freely reduced word. We claim that there is a path pg in r{H) with 
origin 1h and label g. If this is not the case then by Lemma 7.6 the graph of the subgroup gHg~^ has 
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Igffg-i as a degree-one vertex. However, H = gHg~^ since H is normal, yielding a contradiction with 
the above observations about r{H). 

Thus such a path pg indeed exists. Since g G F{X) was chosen arbitrarily and the graph T{H) is 
folded and connected, this implies that T{H) is X-regular. Moreover, if Vg is the terminal vertex of Pg 

then by Lemma 7.5 L{T{H),Vg) = gHg~^ = H, so that {T{H),Vg) ^ (r(i7),l^f). It is clear that any 
vertex v of T{H) can be obtained as Vg for some g € F{X) and so all the conditions of Theorem 8.14 are 
satisfied. □ 

Corollciry 8.15. There exists an algorithm which, given finitely many freely reduced words hi,. . . ,hm S 
F{X) decides whether or not H = {hi, . . . , km) is a normal subgroup of finite index in F{X). 

Proof. We first construct the graph T{H) and check whether it is X-regular. If not, then the index of H 
is infinite. If yes, we list the vertices of T{H) and for each vertex v check if the graphs {r{H), 1h) and 
(r(i?), are isomorphic. □ 



9. Intersections of subgroups 

One of the most interesting applications of the folded graphs technique is for computing the intersection 

of two siibgroups of a free group. 

Definition 9.1 (Product-graph). Let T and A be X-digraphs. We define the product-graph F x A as 
follows. 

The vertex sot of F x A is the sot VT x VA. 

For a pair of vertices {v, u), {v' , u') G ViT x A) (so that v, v' £ VT and u, u' e VA and a letter x £ X 
we introduce an edge labeled x with origin {v, u) and terminus {v' , u') provided there is an edge, labeled 
X, from V to v' in F and there is an edge, labeled x, from u to u' in A. 

Thus F X A is an X-digraph. In this situation we will sometimes denote a vertex (t;, w) of F x A by 
V X u. 

The following trivial observation follows immediately from the definition. 

Lemma 9.2. Suppose F and A are folded X -digraphs. Then F x A is also a folded X -digraph. Moreover, 
if V X u is a vertex ofTxA, then the degree of v xu is less than or equal to the minimum of the degree 
of V inT and the degree of u in A. 

Next we establish an important connection between product-graphs and intersections of subgroups. 

Lemma 9.3. Let F and A he folded X -digraphs. Let H = L{T,v) and K = L{A,u) for some vertices 
v gVT anduG VA. Let y = {v,u) € V{T x A). 
Then T x A is folded and L{T x A,y) = H nK. 

Proof. Let w be a freely reduced word in X. 

By definition of F x A there exists a path in F x A from y to y with label w if and only if there is a 
reduced path in F from w to w with label w and there is a reduced path in A from u to u with label w. 
This impKes L(F x A, y) = L(F, v) n L(A, u) = HnK, as required. □ 

Proposition 9.4. Let H < F{X) and K < F{X) be two subgroups of F{X). Let G = H OK. Let 
T{H) XcT{K) be the connected component ofT{H) x T{K) containing 1h x Ik. Let A = Core{T{H) x 
r{K),lH x Ik). 

Then (F(G),1g) = (A, x Ik). 

Proof By Lemma 9.3 the graph T{H) XeT{K) is folded and L{r{H) Xcr{K), 1hx1k)= Hf\K. Taking 
the core does not change the language of a graph, so L{A, 1h x Ik) = H (1 K = G. 

Obviously, A is a folded connected graph which is a core graph with respect to 1h x Ik- Hence 

{A,1h XlK) = {r{G),lG). □ 
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Figure 8. Product of two graphs. Here we compute T{H) x T{K) where H = 
{ab,b~^a) < F{a,b) and K = {a^,a~^ba) < F{a,b). In this example the product is 
connected and is a core-graph, although in general this need not be the case. 

Corollary 9.5. There exists an algorithm which, given finitely many freely reduced words 

hi,...,hs,ki,...,km e F{X), 

finds the rank and a Nielsen-reduced free basis of the subgroup (hi, . . . ,hs) n (fci, . . . , km) of F{X). In 
particular, this algorithm determines whether or not {hi, . . . ,hs) f] {ki, . . . , km) = 1. 
Corollary 9.6 (Howson Property). [22] The intersection of any two finitely generated subgroups of 
F{X) is again finitely generated. 

Proof. Let H, K be finitely generated subgroups of F{X) and \ci G = H r\ K . By Lemma 5.4 the 
graphs r(7J) and T{K) are finite. Therefore the graph T{H) x r(_ft') is finite. By Lemma 9.3 G = 
L{r{H) X r(iir), 1h x Ik). Therefore by Lemma 6.1 the group G is finitely generated. □ 

It turns out that even those components of T{H) x T{K) which don't contain 1h x Ik, carry some 

interesting information about H and K . 

Proposition 9.7. Let H,K < F{X). Let g G F{X) be such that the double cosets KgH and KH are 
distinct. Suppose that gHg~^ (iK ^ 1. 

Then there is a vertex v x u in T{H) x T{K) which does not belong to the connected component of 
1// X such that the subgroup L(T(H) x T{K),v x u) is conjugate to gHg~^ D K in F{X). 
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Proof. Let g = yz where z is the largest terminal segment of g such that z~^ is the label of a path in 
r(i?) with origin Ih- Denote this path by a and the terminal vertex of a by v. 

If the word y is not the label of a path in T{K) with origin Ik, then by Proposition 7.9 {gHg~^, K) = 
gHg^^ * K. This implies that gHg^^ r\K = 1, contrary to our assumptions. 

Thus y is the label of a path r in T{K) from \k to some vertex u. 

By Lemma 7.5 L{T{H), v) = zHz~^ and L(r{K), u) = y^^Ky. Note also that 

y{zHz~'^ n y~^Ky)y~^ = yzHz'^y'^ (1 K ^ gHg'^ ("1 if 

and therefore the subgroups gHg~^ n if and zHz^^ fl y~^Ky are conjugate in 
By Lemma 9.3 we have 

L{V{H) X r{K),v xu) = zHz-^ n y'^Ky ^ gHg'^ n if, 

as required. 

It remains to show that vxu does not belong to the connected component of Ih x Ik in T{H) x T[K). 
Suppose this is not the case. 

Then there exist a reduced path in T{H) from \ij to w and a reduced path p„ in T{K) from 1^ to 
u such that their labels are the same, that is /i(p„) = ^J,{pu) = ot. 

Note that Pvcr~^ is a path in T{H) from 1// to Ih and therefore n{pva~^) = az = a- z = h&H. 
Similarly, rp~^ is a path in T{K) from 1^ to Ik and hence y • = k € K. Thus we have 

g — y ■ z = y ■ ■ a • z = k ■ h G KH, 

contrary to our assmnption that KgH ^ KH. □ 

The converse of the above statement also holds: 

Proposition 9.8. Let H,K < F{X) be two subgroups of F{X). 

Then for any vertex v x u of T{H) x T{K) the subgroup L{T{H) x T{K),v x u) is conjugate to a 

subgroup of the form gHg~^ H K for some g £ F{X). 

Moreover, ifvxu does not belong to the connected component of Ih x Ik, then the element g can be 
chosen so that KgH ^ KH. 

Proof. Let Pv be a reduced path in r{H) from Ih to v with label a. Similarly, let p„ be a reduced 
path in T{K) from Ik to u with label t. As we have shown in Lemma 7.5, L{T{H),v) = a~^Ha and 
L{T{K),u) = t-^Kt. Therefore by Lemma 9.3 

L(r{H) X T{K), V xu) ^ (T~^Ha n t^^Kt conjugate to tu'^Hgt'^ n K, 

and g = tct"^ satisfies the requirement of the proposition. 

Suppose now that v xu does not belong to the connected component of Ih x Ik in T{H) x T{K) but 
g = T ■ e KH. Thus r • = kh for some k € K, h £ H and therefore 

k~^ ■ r = h ■ a. 

Let a be the freely reduced form of the element k~^ ■ t = h ■ a. Recall that k~^ € K and so k~^ is the 
label of a reduced pi in T{K) from Ik to Ik- Then piPu is a path in r{K) whose label freely reduces 
to a. Therefore there is a reduced path p[ in r{K) from Ik to u with label a. Similarly, since h G H, 
there is a path p2 in T{H) from Ih to Ih with label h. Hence p2Pv is a path in T{H) from Ih to v whose 
label freely reduces to a. Again, it follows that there is a reduced path P2 in T{H) from Ih to v with 
label a. Now the definition of T{H) x r{K) implies that there is a path in r{H) x T{K) from Ih x Ik to 
vxu with label a. However, this contradicts our assumption that vxu does not belong to the connected 
component of Ih x Ik. 

Thus g ^ KH and KgH KH, as required. □ 

The above facts allow us to use the product-graphs to decide whether a finitely generated subgroup of 
a free group is malnormal. . 
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Definition 9.9. Let H he a. subgroup of a group G. We say that H is a. malnormal subgroup of G if for 
any g G G — H 

gHg-^nH = l. 
We say that H is cyclonormal if for any g € G — H 

gHg^^ Ci H is cycHc. 
(The notion of a cyclonormal subgroup was suggested by D.Wise [49].) 

Malnormal subgroups of free groups and word-hyperbolic groups have recently become the object of 
intensive studies. In particular, malnormality plays an important role in the Combination Theorem for 

hyperbolic groups [4], [5], [17], [29]. Various examples, where malnormal subgroups play an important 
role, can be found in [28], [2], [23], [24], [26], [27], [47], [48], [49], [50], [8] and other sources. 

Theorem 9.10. Let H < F{X) be a subgroup. Then H is malnormal in F{X) if and only if every 
component ofT{H) x T{H), which does not contain Ir x 1h, is a tree. 

Proof. Suppose H is malnormal in G. Assume that there is a connected component C of r(_ff) x r(iJ), 
which does not contain 1/f x \h and which is not a tree. Let t; x u be a vertex of C . Since C is not a 
tree, there exists a nontrivial reduced path from v x (/ to f x u in C and hence A = L{C,v x u) ^ 1. 
However by Proposition 9.8 there is g G F{X) such that Hgll ^ HH = H (so that g ^ H) and such 
that gHg~^ n if is conjugate to A and thus gHg~^ (IH ^ 1. This contradicts our assumption that H is 
malnormal. 

Since for any tree T and any vertex v oi T L{T,v) = 1, the opposite implication of the theorem is just 
as obvious and follows immediately from Proposition 9.7. □ 

Corollsiry 9.11. There exists an algorithm which, given finitely many freely reduced words hi,...,hs 
in F{X) decides whether or not the subgroup H = (hi, . . . ,hs) is malnormal in F{X). If H is not 
malnormal, this algorithm will produce a nontrivial element g £ F{X) — H such that gHg~^ flH ^ 1. 

Proof. We first construct the finite graph r{H) as described in Proposition 7.1 and then build the finite 
graph T{H) x T{H). It remains to check whether those connected components of T{H) x r(iJ) which do 
not contain 1h x 1h, are trees. 

If all these components are trees, H is malnormal in G. If some component O not containing 1h x 1h 
is not a tree, then H is not malnormal in G. Moreover, in this case we choose a vertex {v,u) € and 
a paths with labels a,T in T{H) from 1h to v,u respectively. Put g = t(j~^ . Then by the proof of 
Proposition 9.8 we have gHg-'^ n 7^ 1 and HgH ^ HIH, so that g ^H. □ 

A different proof of the above result was given in [2] . 

Definition 9.12 (Immersed subgroup). Let H = {hi, . . . , h^) < F{X) be a finitely generated subgroup 
of F{X), where each hi is a nontrivial freely reduced word. 

We say that H is immersed in G if for any 1 < i, j < s we have 

\hi ■ hj\x = \hi\x + \hj\x 

and for any i ^ j,l <i,j < s we have 

\hi-h-T^\x = \hi\x + \hj\x 

Remark 9.13. Note that if H is an immersed subgroup then for any freely reduced word w{yi, . . . , j/g) 
in the alphabet {yf^, . .., yf^} the word W, obtained from w by substituting j/j by hi, is freely reduced in 
X{JX~^. It is also easy to see that for i ^ j the words hi and hj have different first letters and different 
last letters. Moreover, each hi is cyclically reduced, that is the first letter of hi is not the inverse of the 
last letter of hi. For this reason the map a : {±l,...,±s} — > X Li X~^ defined as 

a:i^—^ the first letter of 

is injective. Therefore s < #{X). 
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There are many examples of immersed subgroups (see [25] for details). Recall that X = {xi, . . . ,xn}- 
For each i, 1 < i < n \ct hi he a. nontrivial freely reduced word in X such that the first and the last letters 
of hi are Xj. Then the subgroup H = {hi, . . . , hn) is obviously immersed in F{X). 

The following theorem was first proved, in the context of Stallings' original approach, by D.Wise [50]. 
An interesting application of this result was given by I.Kapovich [25]. 

Theorem 9.14. Let H = {hi, . . . , hs) < F{X) he an immersed subgroup of F{X). Then H is cyclonor- 

mal in F[X). 

Proof. Consider the graph F which is a wedge of s circles with labels hi, . . . ,hs joined at a single vertex 
(which we denote 1^). The fact that H is immersed in F{X) implies (and, moreover, is equivalent to 
the condition) that F is already a folded X-digraph. Hence F = F(i/). 

We know from Proposition 9.7 that for any g ^ H the subgroup gHg"^ fl if is either trivial or 
isomorphic to L{C,v x u) for some connected component C of F(_ff) x T{H) which does not contain 
1h X Ih- 

Thus to prove cyclonormality of H it is enough to establish that for each such component C and any 
vertex t; x w of C the subgroup L{C, v x u) is cyclic (note trivial group is cyclic). 

Note that by Lemma 9.2 the degree of a vertex a x 6 in a product-graph ^ x _B is bounded by the 
minimum of the degrees of a and 6 in ^ and B respectively. As we observed before, the degree of every 
vertex, other than Ih in F(iJ) is equal to two. Hence for each vertex t; x u ^ Ijj x Ijy in F(iJ) x F(iJ) 
the degree of u x u is at most two. Thus C is a finite connected graph where the degree of each vertex 
is at most two. Therefore C is either a segment or a circle. In the first case the language of C (with 
respect to any of its vertices) is trivial and in the second case this language is an infinite cyclic subgroup 
of F{X). This implies that H is cyclonormal in F{X). □ 

Corollary 9.15. There is an algorithm which, given finitely many nontrivial freely reduced words 

hi,...,hs& F{X), 

decides whether or not the subgroup H = {hi, ... , hs) < F{X) is cyclonormal. 

Proof. If follows from Proposition 9.7 that ii g ^ H then gHg~^ D H is either trivial or isomorphic to 
L(C, V X u) where C is a connected component of F(iJ) x F(i7) not containing Ih x Ih and where v x u 
is a vertex of C. Recall also that the isomorphism type of L{C, v x u) depends only on C and not on the 
choice of w X u in C. 

Thus to check whether H is cyclonormal we construct F(iJ), T{H) x T{H) and for every connected 
component C of F(7J) x T{H), not containing Ih x Ih we find a spanning tree Tc in C and count the 
number nc of positive edges in C — Tc (this number is equal to the rank of the free group L{C, v x u)). 
If for each C nc < 1, the subgroup H is cyclonormal. If for some C we have nc > 2, the subgroup H is 
not cyclonormal. □ 

10. Principal quotients and subgroups 

In this section we want to investigate more carefully the relationship between r{H) and T{K) UK < H. 
To simplify the matters we will assume that both H and K are finitely generated, although it will be 
clear that one can consider a more general situation. 

Definition 10.1. Let K < H < F{X) be two finitely generated subgroups of F{X). Since K = 
L{T{K), Ik) ^ L(r{H), Ih) = H, for any path p in T{K) from Ik to \k there is a unique path a\p] in 
T{H) from Ih to Ih such that the label of a\p] is the same as that of p. 
Define a subgraph Th{K) of T{H) as 

Th{K) = U{a[p] |p is a path in T{K) from Ik to 1^}. 
In fact, constructing Th{K) can be considerably simplified, as the following lemma shows. 
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Figure 9. An example of rH{K). Here K < H < F{a,h) and the graph Vh{K) is 
highlighted. We suggest that the reader uses Lemma 10.2 to verify the validity of this 
picture 

Lemma 10.2. Let K < H < F(X) be finitely generated subgroups of F{X). Let K = (fci, . . . , k„-i) where 
ki are freely reduced words in F{X). For each i = 1, . . . ,m let Pi be the loop at Ik in ^{K) with label hi. 
Then 

TniK) = ur=ia[pi] 

The above lemma shows that in practical terms it is very easy to construct Th{K), given T{K) and 
r(_ff). For example, we can choose as a finite generating set for K the set Tk corresponding to some 

spanning tree in T{K). 

Lemma 10.3. Let K < H < F{X). Then there is a unique morphism of based X -digraphs a : 
{T{K),1k) — > (r(i?), Iff); for this morphism we have a{T{K)) = THiK). 

Proof. The existence and uniqueness of a follow from Proposition 4.3. 

It is obvious from the definition of F/f (if) and the fact that any edge in T{K) lies on a reduced path 

from Ik to Ik that a{T{K)) = THiK)- □ 

Lemma 10.4. Let K < H < F{X). Then the graph TniK) is a connected folded graph which is a core 
graph with respect to 1h- 

Proof. It is obvious that Th{K) is folded, connected and that it contains Ih- Let a : T{K) — > T{H) be 
the unique morphism such that a{lK) = ^h, so that a{T{K)) = F^ (i^) (the existence of a follows from 
Lemma 10.3. 

Assume that F/f(_ftr) is not a core-graph with respect to Ih and that tlK;re is a vertex u Ih oi degree 
one on Th{K). Let e' be the unique edge of Th{K) with terminus u. Let e be an edge of T{K) such that 
a{e) = e'. Since F(_ft') is a core graph with respect to Ik, there exists a reduced loop p at Ik passing 
through p. Denote the label of p by w. Since p is reduced and T{K) is folded, w is freely reduced. The 
path a{p) is a loop at Ih in TniK) with label w and a{p) passes through e'. Since w is freely reduced 
and TniK) is folded, the path a{p) is reduced. However, this contradicts our assumption that u has 
degree one in TniK). □ 

Recall that by Lemma 4.4 (morphism factorization) an epimorphic image of an X digraph F can be 
obtained by first identifying some vertex subsets of F into single vertices and then folding some edges 



STALLINGS FOLDINGS 



31 



with the same initial vertices and the same terminal vertices (so that the vertex set of the graph does 
not change at this step). 

Definition 10.5 (Principal quotients). Let K he sl finitely generated subgroup of F{X). Since T{K) is 
finite, there exist only finitely many based X-digraphs (Fi, vi), . . . (Fg, Vs) such that: 

(a) each Fj is a finite connected folded X-digraph which is a core-graph with respect to u,; 

(b) for each i = 1, . . . , s there is an epimorphism / : T{K) — > F^ with /(l^f) = Vi. 
These graphs (Fi,fi), . . . (Fs,fj;) are called principal quotients of T{K). 

Remark 10.6. Note that if {T,v) is a principal quotient of F(i^) then {r,v) — (F(if),li/) for some 
finitely generated subgroup H of F{X) with K < H. Moreover, in this case Th{K) = F. 

Lemma 10.7. Let F he a free group (of possibly infinite rank) and let K be a finitely generated free 
factor of F. Let H < F be a finitely generated subgroup such that K < H. Then K is a free factor of H. 

Proof. Let F = Yi U I2 be a free basis of F such that Yi is a finite free basis of K. Since H is finitely 
generated and involves only finitely many letters from 12, we may assume that I2 is also finite. It is clear 
that in this case the graph {K) is just a wedge of circles, labeled by elements of Yi, wedged at a vertex 
Ik- This graph clearly has no epimorphic images other than itself, so [K) = rJj(K) C (H). Since 
{r^ (K), Ik) is a subgraph of (F^(i?), 1h), this implies that K is a free factor of H, as required. □ 

11. Algebraic extensions 

In this section we will develop an elementary analogue of the field extension theory for subgroups of 
free groups. 

Definition 11.1 (Free and algebraic extensions). Let K < H < F{X). In this case we will say that H 
is an extension of K. We say that H is a. free extension of K if there is a subgroup C < F{X),C ^ 1 
and a subgroup K' of F{X) such that K <K' asA B = K 
If an extension K <1i is not free, we call it algebraic. 

This definition is motivated by the analogy with field extensions. Indeed, ii K < K' and H — K' * C 
then H is obtained by adding to K' several "purely transcendental" elements, namely a free basis of C. 
That is why it is reasonable to call such extensions K < H "free". 

Theorem 11.2. 1. Let K < F{X) be a finitely generated subgroup. If K < H (where H < F{X)) is 
an algebraic extension then {T{H), 1h) is a principal quotient ofT{K). In particular, H is finitely 
generated. 

2. For a finitely generated K < F{X) there are only finitely many subgroups H < F{X) such that 
K < H is an algebraic extension. 

3. Let K < H be finitely generated subgroups of F{X) and suppose that the extension K < H is free. 
Then there exist subgroups K',C such that K < K', H = K' * C and (r{K'), 1k') is a principal 
quotient of T{K). 

4. Let K < H be finitely generated subgroups of F{X). Then there is a free factor K' of H such that 
K < K' is an algebraic extension. 

Proof. (1) Let K < H (where H < F{X)) be a algebraic extension. Then there is a canonical morphism 
a : y{K) — > F(iJ) such that 0(1^") ~ Iff and a(F(if)) = Vh{K). Since K is finitely generated, the 
graphs T{K) and Th{K) are finite. Denote K' = L{Th{K), Iff)- Then K' is a finitely generated subgroup 
containing K. Moreover, since Th{K) is a subgraph of F(iJ), the subgroup K' is a free factor of H. 
That is, H = K' * C. Since the extension K < H is algebraic, C = 1 and so H = K'. Since Th{K) is a 
connected subgraph of F(i7) which is a core graph with respect to 1h and such that L(Fjif (if ), 1h) = H, 
we have Th{K) = T{H). Thus (F(i7), 1//) is a principal quotient of T{K). 

(2) If isT is a finitely generated subgroup of F{X) then T{K) is finite and hence has only finitely many 
principal quotients. Therefore by (1) there are only finitely many algebraic extensions of K in F{X). 
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(3) Let K <H be finitely generated subgroups of F{X). Let K', C be such that H = K' *C, K < K' 
and C is of maximal possible rank. 

We claim that T{K',1k') is a principal quotient of T{K). Indeed, since K < K' , we can find the 
subgraph Tki{K) of V{K'), which is a principal quotient of T{K). If Tk'{K) is a proper subgraph 
in T{K') then by Proposition 6.2 the subgroup D ~ L{rK'{K), 1k') is a proper free factor of K' and 
K' = D*D' with D' y^l. On the other hand K < D hy construction. Thus K < D and H = K' * C = 
{D * D') * C = D * {D' * C). Since the rank oi D' * C is greater than the rank of C, we obtain a 
contradiction with the choice of C. 

Thus Tk'{K) = T{K'), and therefore {T{K'), 1'^) is indeed a principal quotient of T{K). 
(4) Let K < H he finitely generated subgroups of F{X). 

Choose a free factor K' of H of the smallest possible rank such that K' contains K. Thus H = K' * C 
for some (possibly trivial) C < H. 

We claim that K < K' is an algebraic extension. Indeed, suppose not. Then there exist nontrivial 
groups K", C such that K < K" and K' = K" * C . This means that H = K" * (C * C) and K < K". 
Moreover C ^ 1 and K' = K" *C' imply that rk{K") < rk{K'). Thus K" is a free factor of H containing 
K and the rank of K" is smaller than the rank of K'. This contradicts the choice oi K'. □ 

Theorem 11.3 (Decidability of extension type). 1. There is an algorithm which, given finitely many 

freely reduced words fci , . . . , km in F{X) finds all principal quotients ofT(K), where K = {ki , . . . , km) 

2. There is an algorithm which, given finitely many freely reduced words ki,. . . , km, hi,. . . ,hs in F{X) 
decides whether or not the subgroup H = {hi, . . . ,ha) is an algebraic extension of the subgroup 

K = {ki,..., km)- 

3. There is an algorithm which, given finitely many elements fi,---,fs € F{X), finds all possible 
algebraic extensions of the subgroup (/i, ■ . ■ ,fs) in F{X). 

Proof. (1) First we construct the graph T{K), as described in Proposition 7.1. We compute all the 

principal quotients (ri.i'i), . . . , (F,..?;,.) of T{K) as follows. Wc list all possible partitions of the vertex 
set of T{K) into finitely many disjoint subsets. For each partition we identify each of this subsets into 
a single vertex. We then perform all possible foldings on the resulting graph which do not change the 
number of vertices. If the final graph is a folded graph which is a core graph with respect to the image 
of Ik, it is a principal quotient of T{K). Lemma 4.4 ensures that all principal quotients of T{K) can be 
obtained in such a way. 

(2) First we construct r{H) and L{K) and check whether K is contained in H. If not, then H is not an 
extension of K and thus not an algebraic extension of K. 

Suppose K < H. We then find all the principal quotients (ri,t;i), . . . , {Tr,Vr) of T{K), as described 
in part (1). After that, for each i = 1, ... ,r we apply the algorithm of Whitehead (see [32], [33]) to 
check whether = L{Ti,Vi) is & proper free factor of H. If for some i the answer is yes, then obviously 
K < Ki, Ki is a. proper free factor of H and thus K < H is a free extension. 

If for each i — 1 , . . . , r the subgroup Ki is not a proper free factor of H, then by part (3) of Theorem 11.2 
the extension K < H is algebraic. 

(3) We first construct the graph r{K) and all of its principal quotients {Ti,vi), . . . ,{Tr,Vr)- Denote 
Hi ~ L{ri,Vi) for 2 = 1, . . . , r, so that K < Hi for each i. By part (1) of Theorem 11.2 if ii' < if is an 
algebraic extension then {T{H), 1h) is a principal quotient of T{K). 

Thus it suffices to check for each i = 1, . . . , r whether K < Hi is algebraic. The set of those Hi, for 
which the answer is "yes", gives us all algebraic extensions of K. □ 

Remark 11.4. The proof of Theorem 11.3 is one of the few places in this paper where the algorithm we 
provide is slow. Primarily this is because we need to use the Whitehead algorithm for deciding whether 
one subgroup is a free factor of another. 

Lemma 11.5. Let K be a finitely generated subgroup of F{X). Suppose X = XiU X2 and suppose that 
K < F{Xi) (that is the graph T{K) does not have any edges labeled by elements of Xf^). Let H < F{X) 
be a subgroup containing K such that the extension K < H is algebraic. 
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Then H < F{Xi) (so that the graph T(H) does not have any edges labeled by elements of X^)- 

Theorem 11.6. Let K he a finitely generated subgroup of F{X). 

1- If K < H < F{X) and \H : K\ < oo then K < H is an algebraic extension. 

2. If K < H and H < Q are algebraic then K < Q is algebraic. 

3. If K < H\ and K < II2 are algebraic then K <H is also algebraic, where H = {Hi,H2). 
Proof. (1) This statement follows directly from Definition 11.1. 

(2) Suppose the statement fails and K < Q \s & free extension. Note that since K is finitely generated, 
K < H is algebraic and H < Q is algebraic, both H and Q are also finitely generated. LetQ = K' * C 
where K < K' and C ^ 1. Let Y' be a free basis of K' and let F be a free basis of C. Then Z = Y'uY 
is a free basis of Q, so that Q = F{Z). Since K < K' = F{Y'), the graph T^{K) (corresponding to K 
with respect to the basis Z of Q) does not have any edges labeled by letters of Y"^^ . Since K < H is 
algebraic, Lemma 11.5 implies that the graph r^(if) also does not have any edges labeled by elements 
of y=^i. This means that H < F{Y'). Since Q = F{Y') * F{Y) and Y ^9, the extension H < Q is free. 
However, this contradicts our assumption that H < Q is algebraic. 

(3) Suppose the statement fails and K < H is a. free extension. Note that K, Hi , H2 and H are finitely 
generated. Thus H = K' *C where K' = F{Y') and C = F{Y) with finite Y, Y' and nonempty Y . Denote 
Z = y U r, so that H = F{Z). Since K < K' = F{Y'), the graph (K) does not have any edges 
with labels from Y^^. Since K < Hi and K < H2 are algebraic. Lemma 11.5 implies that Hi < F{Y') 
and H2 < F{Y'). Therefore H = {Hi,H2) < F{Y'). However, this contradicts our assumption that 
H = F{Y') * F{Y) with y ^ 0. □ 

Definition 11.7 (Algebraic closure). Let K < F{X) be a finitely generated subgroup of F{X). Since 
there are only finitely many algebraic extensions of K in F{X), Theorem 11.6 implies that there exists 

the largest algebraic extension H oi K (which contains all other such extensions). We call this H the 
algebraic closure of K and denote H = cl{K) (or H = clp(^x){K))- If if = cl{K) we say that K is an 
algebraically closed subgroup of F{X). 

Lemma 11.8. There is an algorithm which, given finitely many freely reduced words hi, . . . ,hm S F{X) 

finds a free basis of the subgroup cl{H) of F{X) where H = {hi, . . . , hm). 

Proof. This follows directly from decidability of the extension type and the fact that we can effectively 
find all algebraic extensions of H in F{X) (Theorem 11.3). □ 

It turns out that algebraically closed subgroups of F{X) are precisely the free factors of F[X). 

Lemma 11.9. Let K < H be finitely generated subgroups of F{X) such that H is a free extension of K. 
Let C ^ 1 and K' he such that K < K' , H = K' *C and C is of the largest possible rank. Then K < K' 

is an algebraic extension. 

Proof. Suppose the statement of Lemma 11.9 fails and the extension K < K' is free. This means that 
K < K" and K' = K" * C" where C" ^ 1- Therefore 

H = K'*C = {K" * C") *C = K"* [C" * C). 

Since C" ^ 1, rk{C" * C) = rk{C") + rk{C) > rk{C), which contradicts the choice of C. □ 

Theorem 11.10 (Algebraically closed subgroups). Let K be a finitely generated subgroup of F{X). Then 
K is algebraically closed in F{X) if and only if H is a free factor of F{X), that is F{X) = H * C for 
some C < F{X). 

Proof. First assume that if is a free factor of F{X). Without loss of generality we may assume that 
K = F{Xi) where X = Xi UX2. Suppose there K < H < F{X) where K < H is an algebraic extension. 
Hence by Lemma 11.5 H < F{Xi) = K, so that H = K. Hence K is in fact algebraically closed, as 
required. 

Suppose now that K is algebraically closed and K ^ F{X). Therefore the extension K < F{X) is 
free. Let K',C be such that K < K', F{X) = K' * C and C ^ 1 is of the biggest rank possible. We 
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claim that K = K' . Indeed, if K ^ K' then the extension K < K' is free since K is algebraically closed. 
Thus there is C" 7^ 1 and K" such that K < K" and K' = K" * C . This means that 

F{X) =K' *C = (K" *C')*C = K" * (C * C) 

where K < K" and the rank rk{C' * C) = rk{C') + rk{C) is larger than the rank of C. This contradicts 
the choice of C. Thus K = K' so that F{X) = K *C and K is a. free factor of F{X), as required. □ 

12. A REMARK ON HANNA NeUMANN'S CONJECTURE 

By a well-known result of A.Howson (see Corollary 9.6 above) the intersection of any two finitely 
generated subgroups in a free group is again finitely generated. However, it is interesting to investigate 
in more detail the connection between the rank of the intersection and the ranks of the two intersecting 
subgroups. A very important and still open classical conjecture regarding this question was proposed by 
Hanna Neumann [34]: 

Conjecture 12.1. Let A,B be finitely generated subgroups of a free group F{X). Let C = Af\ B and 
suppose that C ^1. Then 

rk{C) - 1 < {rk{A) - l){rk{B) - 1). 

Over the last four decades the Hanna Neumann conjecture has been the subject of extensive research 
and a great deal is known by now (see for example [12], [35], [10]), although the conjecture itself remains 
open. The following simple statement says that in order to prove the conjecture it is enough to establish 
its validity for the case when both A and B are algebraic extensions of C = A n B. 

Theorem 12.2. Suppose the Hanna Neumann conjecture holds for all finitely generated subgroups A and 
B of a free group F{X) such that C = An B ^ 1 and such that both A and B are algebraic extensions 
of C = An B. Then the Hanna Neumann conjecture holds for all finitely generated subgroups A and B 

of F{X) with nontrivial intersection. 

Proof. Suppose the Hanna Neumann conjecture holds for all finitely generated subgroups of F{X) such 
that both of them are algebraic extensions of their intersection. 

Let A and B be two arbitrary finitely generated subgroups of F{X). Let C = AnB and suppose that 
C ^ 1. By part (4) of Theorem 11.2 there exist subgroups A', B' such that: 

(1) we have C < A' < A, C < B' < B; 

(2) the subgroup A' is a free factor of A and the subgroup B' is a free factor of B\ 

(3) both A! and B' are algebraic extensions of C. 

Note that obviously C = A' r\ B' . Observe also that (2) implies that rk{A') < rk{A) and rk{B') < 
rk{B). By our assumption the Hanna Neumann conjecture holds for algebraic extensions. Therefore 

rk{C) - 1 < {rk{A') - l){rk{B') - 1) < {rk{A) - l){rk{B) - 1). 
Since A and B were chosen arbitrarily, this implies the statement of Theorem 12.2. □ 

13. MALNORMAL CLOSURES AND ISOLATORS 

We have already mentioned the importance of malnormal subgroups. Recently the significance of 
isolated subgroups has also been clarified. Recall that a subgroup i? of a group G is called isolated in G 
if whenever g" <E H, g <E G,n > 0, we also have g S H. It turns out that isolated subgroups (in particular 
those of free groups) play a substantial role in the study of equations over free groups and the elementary 
theory of free groups (see [31], [30]). In this section we obtain some new results regarding malnormal and 
isolated subgroups of free groups. 

Unlike malnormality (see Theorem 9.10), verifying the property of being isolated is not as simple. 
Nonetheless, it can still be done using the subgroup graph. 

Theorem 13.1. There exists an algorithm which, given a finite collection of words hi,..., hi € F{X) 
decides if the subgroup H = {h\,...,hi) is isolated in F{X). 
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Proof. Let F = T{H) be the subgroup graph of H. Denote n := #X and k := H^VV. 

Wc will first prove the following 
Claim. Suppose g"^ & H where g e F - H and m > 1. Then there is f € F - H such that f"^eH and 
I/I < [(2n)'=fc2'" + l]{k + 1) + 2fc. 

Let / be the shortest clement in F — _ff such that f™ G H. Wc write / as / = ara~^ where r is 
cyclically reduced in X. Since = ar"^a~^ € H, every initial segment of the word ar™a~^ can be read 
as a label of a path in r(iJ) originating at Ijf. For each i = 0, 1, . . . , m let Vi be the terminal vertex 
of a path from 1h in r(_ff) labeled ar'. Since / = ara~^ ^ H, wc conclude that vq ^ vi. Similarly, 
since = ar"^a~^ G ff, we have Vq = v^. Thus for any word a' which is a label of a path in T{H) 
from 1h to we have a'r{a')~^ ^ and a'r'"(a')~^ e .ff. Since / was assumed to be shortest in 
F — H with e if, this implies that the path from Ijj to vq in T{H) labeled a has no cycles and hence 
|a| < A; = #yr. 

Let r = 6'c6" where c is the label of a simple loop in the path labeled r from vq to v\ in r(i?) (so that 

jcj < k). Denote by Ui and Wi the terminal vertices of the paths labeled h' and h'c originating from Vi. 
Thus c is the label of a path from Ui to Wj. Moreover, uq = wq by the choice of c. Consider the tuple 
Q = {c,uo,ui,'Wi,U2,W2, ■ ■ ■ ,Um-i,Wm-i)- Since |c| < k, there are at most N := (2n)'^fc^"* possibilities 
for Q. 

Suppose jrj > (A^ + l)(fc+l). Since each path of length fc+1 in r(iJ) contains a cycle, we can write r as 
r = bocobici . . . cjv6jv+i where each cj has length at most k and is the label of a nontrivial simple loop in 
the path labeled r from vq to vi in T{H). Let Qj be the tuple produced as above for each j = 0, 1, . . . , N. 
By the choice of there are some j < s such that Qj = Qg. Let z = Cjbj+i . . .bs- Thus z is a subword 
of r which corresponds to a cycle in each path labeled r from Vi to vt+i for i = 0, 1 . . . , m — 1. 

Let r' be the word obtained by deleting the subword z from r. That is r' = boCQ . . . bjCsbg+i . . . &Ar+i. 
By construction jr'j < jrj, ar'a~^ ^ H and a{r')"^a~^ € H. This contradicts the choice of /. Thus 
jrj <{N+ l){k + 1). Since |a| < k, this implies that |/| = |ara-^| < {N + l)(fc + 1) + 2fc and the Claim 
holds. 

Recall that by Proposition 7.10 if g"^ G H then g"^" G H for some 1 < uiq < k = ^VT. We can now 
formulate the algorithm for checking if H is isolated. 

First, construct the graph F = F(ff) and compute k = #VF. Put M := [(2n)'=fc2fc + + 1) + 2k. 
Now for each word / in F{X) with |/| < M such that f ^ H check if there is 2 < m < A: such that 
/™ e H. If yes then H is not isolated. If no such / exists, then H is isolated. □ 

Remark 13.2. The above theorem is one of the few places in the present paper where our algorithm has 

high complexity. In fact, quite a few improvements are possible in the algorithm provided in Theorem 13.1. 
For example, if a subgroup is malnormal (which is easy to check) then it is also isolated. However, at 
present we do not know of a fast algorithm (comparable in speed with the malnormality test provided by 
Theorem 9.10) for determining if a finitely generated subgroup of a free group is isolated. 

Lemma 13.3. Let K be a finitely generated subgroup of F{X) which is not malnormal in F(X). Let 
g G F{X) be such that g ^ K and gKg~^ n K ^ 1. Then the subgroup H = {K,g) is an algebraic 
extension of K. Moreover, the rank of H is less than or equal to the rank of K. 

Proof. Suppose, on the contrary, that if < if is a free extension. Then K < K' where H = K' * C and 
C 7^ 1. Note that g~^K'g D K' 1. On the other hand K' is a free factor of H and so malnormal in H. 
Hence g e K'. Since K < K',g e K', we have H = {K,g) < K' . This is impossible since H ^ K' * C 
and C 7^ 1. Thus K < H \s a, algebraic extension of if, as required. 

Since H = {K, g) and H, K are free, then either rA;(ii) = rfc(i4:) + l and H = K*{g), or rk{H) < rk{K). 
The former contradicts our assumption that g~^Kg Ci K ^ 1. Thus rk{H) < rk{K), as required. □ 

Lemma 13.4. Let K be a finitely generated subgroup of F{X). Then there exists a unique subgroup H 
of F{X) such that H is minimal among algebraic extensions of K which are malnormal in F{X). 

Proof. If K is malnormal in F{X), the statement is obvious. Assume now that K is not malnormal. 
First we observe that there is at least one malnormal subgroup which is an algebraic extension of K. 
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Let K = Ki and define a sequence Ki < K2 < ■ . ■ as follows. Since Ki is not malnormal, there is 

92 G F{X)-Ki such that g2Kig2^r\Ki ^ 1. Put K2 = {Ki,g2). Suppose now that Ki < K2 < ■ ■ ■ < 
are already constructed. If Ki is malnormal in F{X), we terminate the sequence. Otherwise there is 
Qi+x e F{X) - Ki such that Qi+iK.gr^^ OKi^^l. Put Ki+i = {Ki,gi+i). 

Claim. The sequence Ki < K2 < ■ ■ ■ terminates in a finite number of steps. Moreover, each K^ is a 
algebraic extension of K and rk{Ki) < rk{K). 

Lemma 13.3 implies that Ki < Ki+i is a algebraic extension and rk{Ki+-i) < rk{Ki). By transitivity 
(see Theorem 11.6) this means that K < Ki is algebraic for each i > 1. Since Ki ^ ifi+i and there 
are only finitely many algebraic extensions of K, the sequence terminates. Also, obviously rk{Ki) < 
rk{Kx) = rk{K). Thus the Claim holds. 

Suppose the sequence Ki < if 2 < . . . terminates in m steps with Km ■ By construction this means 
that Km is malnormal. The Claim also shows that K < Km is a algebraic extension. 

Thus the set M{H) of algebraic extensions of K which are malnormal in F{X) is nonempty. This sets 
is also obviously finite. We claim that it has a unique minimal element. Suppose this is not the case and 
Hi,H2 are two such distinct minimal elements. Since Hi and H2 are malnormal in F[X) and finitely 
generated, their intersection H = Hi (1 H2 is also malnormal in F{X), finitely generated and contains 
K. Since Hi ^ H2 and _ffi, H2 are minimal in M.{IF), the group H is not an algebraic extension of K. 
That is the extension K <H is free. 

Let C 7^ 1, /T' be such that K < K' , H = K' *C and C is of the largest possible rank. By Lemma 11.9 
K' is a algebraic extension of K. Since K' is a free factor in iJ, K' is malnormal in H and therefore in 
F{X). Therefore K' e M{H). However, K' ^ Hi, K' < Hi which contradicts the minimahty of Fi. □ 

Definition 13.5 (Malnormal closure). Let K < F{X) be a finitely generated subgroup. We denote 

mal{K) := r\{H \K <H < F{X) and H is malnormal in F{X)} 

and refer to mal{K) as the malnormal closure oi K in F{X). 

Note that F{X) is malnormal in F{X), and hence mal{K) is nonempty. Thus rnal{K) is the smallest 
malnormal subgroup of F{X) containing K. 

Theorem 13.6. Let K be a finitely generated subgroup of F{X). 

Let M be the unique minimal element among algebraic extensions of K which are malnormal in F{X) 
(the existence of H follows from Lemma 13.4)- 

Then M = mal{K). In particular rnal{K) is finitely generated and the extension K < mal{K) is 
algebraic. Moreover, there is an algorithm which, given a finite set of generators of K, outputs a finite 
set of generators for mal{K). 

Proof. Let K < H < F{X) where H is malnormal in F{X). If H is an algebraic extension of K, then 
M < H hy the definition of M. Suppose now that the extension K < H is free. Assume first that H is 
finitely generated. Let C ^ 1 and K' be such that K < K' , H = K' * C and C is of the largest possible 
rank. By Lemma 11.9 K' is an algebraic extension of K. Since K' is a free factor of i?, K is malnormal 
in H and so in F{X). Hence M < K' by the definition of M and therefore M < H . 

Assume now that H is not finitely generated, K < H < F{X) and H is malnormal in F{X). Thus H 
is a free group of infinite rank. Choose a free basis Y of H. Since K is finitely generated, the elements 
of a finite generating set of K involve only finitely many letters of Y . Thus K is contained in a finitely 
generated free factor H' of H. Since H' is a free factor of H, it is malnormal in H and so in F{X). Hence 
M < H' hy the previous case. Therefore M < H. 

Since H was chosen arbitrarily, this implies that 

M < mal{K) 

On the other hand mal{K) < M by definition of mal{K) since K < M and M is malnormal in F{X). 
Hence M = mal{K), as required. 

Thus K < mal{K) is an algebraic extension and mal{K) is finitely generated. Moreover, by Theo- 
rem 11.3 we can compute all algebraic extensions of K and for each of them check if it is malnormal in 
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F{X) using Corollary 9.11. Since the number of algebraic extensions of K is finite, we can effectively 
find the unique minimal element among malnormal algebraic extensions of K, that is M. Thus, we can 
compute the malnormal closure mal{K) = M. 

It remains to show that rk{M) < rk{K). If M = K, there is nothing to prove. Suppose K < M. Hence 
K is not malnormal in M by the choice of M. Therefore there is gi £ M — K such that giKg^^ HK ^ 1. 
Arguing exactly as in the proof of Lemma 13.4 we can find a sequence of elements gi,g2, ■ ■ -inM such 
that K = Ki < K2 < . . . and Ki+i = {Ki,gi), where gi e M - Ki is such that giKigr'^ n Ki ^ I. 
Again, by Lemma lcm:stcp each Ki < Xi+i is an algebraic extension and rfc(A'i_|_i) < rk{Ki). Hence 
each K < Ki is an algebraic extension and rk{Ki) < rk{K). Since the number of algebraic extensions of 

in M is finite, any chain of subgroups of this sort terminates. Consider a maximal chain of this type 
K = Ki < K2 < ■ ■ ■ < Ks- Then Ks is malnormal in M . Indeed, if not then wc can find 9,, e Af — Kg 
with gsKsg~^ nKs ^ 1 and extend the chain, contradicting its maximality. Thus Kg is indeed malnormal 
in M and therefore in F{X). Since Kg is an algebraic extension of K, we have Kg = M by the definition 
of M. Therefore rk{M) < rk{K), as required. 

This completes the proof of Theorem 13.6. □ 

It turns out that one can use the same argument to analyze isolators of finitely generated subgroups 
of F{X). Recall that a subgroup of a group G is said to be isolated in G if whenever 5" G H, we have 
g G H. Note that if G is torsion-free and H is not isolated in G then H is not malnormal in G. Indeed, 

suppose g" G H but g ^ H . Then 1 7^ (g") = g{g")g~^ H (g") < gHg~^ n H and so H is not malnormal. 
The proof of the following statement is a complete analogue of the proof of Lemma 13.4. 

Lemma 13.7. Let K be a finitely generated subgroup of F{X). Then there exists a unique subgroup H 
of F{X) such that H is minimal among algebraic extensions of K which are isolated in F{X). 

Proof. If K is isolated in F{X), the statement is obvious. Assume now that K is not isolated in F{X) 
(and so not malnormal). 

First wc observe that there is at least one isolated subgroup which is an algebraic extension of K. 

Let K = Ki and define a sequence Ki < K2 < ■ ■ ■ as follows. Since Ki is not isolated, there is 
g2 e F{X) - Ki such that ^ ^i. Put K2 = (A'i,,g2). Suppose now that Ki < K2 < ■ ■ ■ < Ki 
are already constructed. If Ki is isolated in F{X), we terminate the sequence. Otherwise there is 

G F{X) - Ki such that g";^' ^ K,. Put K,+, = {Ki,g,+i). 
Claim. The sequence Ki < K2 < ■ ■ ■ terminates in a finite number of steps. Moreover, each Ki is a 
algebraic extension of K and rk{Ki) < rk{K). 

Note that g^+i Aig~|_]^ C\ Ki ^ 1 and so Lemma 13.3 implies that Ki < A^+i is a algebraic extension 
and rk{Ki^i) < rk{Ki). By transitivity (see Theorem 11.6) this means that A < A^ is algebraic for 
each i > 1. Since Ki ^ Ki+i and there are only finitely many algebraic extensions of K, the sequence 
terminates. Also, obviously rk{Ki) < rfc(Ai) — rk{K). Thus the Claim holds. 

Suppose the sequence Ai < A2 < . . . terminates in m steps with Km- By construction this means 
that Km is isolated in F{X). The Claim also shows that A < Km is an algebraic extension. 

Thus the set 1{H) of algebraic extensions of K which are isolated in F{X) is nonempty. This set 
is also obviously finite. We claim that it has a unique minimal element. Suppose this is not the case 
and Hx,H2 are two such distinct minimal elements. Since Hi and H2 are isolated in F{X) and finitely 
generated, their intersection H = Hi n H2 is also isolated in F{X), finitely generated and contains K. 
Since Hi ^ H2 and Hi, H2 are minimal in I{H), the group H is not an algebraic extension of K. That 
is the extension K < H is free. 

Let C ^ 1, A' be such that K < K', H = K' *C and C is of the largest possible rank. By Lemma 11.9 
A' is a algebraic extension of A. Since A' is a free factor in H, K' is isolated in H and hence in F{X). 
Therefore A' G I{H). However, K' ^ Hi, K' < Hi which contradicts the minimality oi Hi. □ 

Definition 13.8 (Isolator). Let A < F{X) be a finitely generated subgroup. We define the isolator 
iso{K) of A in F{X) as 
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iso{K) := r\{H \K<H < F{X) and H is isolated in F{X)}. 
Thus iso{K) is the smallest isolated subgroup of F{X) containing K. 

Theorem 13.9. Let K he a finitely generated subgroup of F{X). Let M he the unique minimal el- 
ement among algehraic extensions of K which are isolated in F{X) (the existence of H follows from 
Lemma 13.7). 

Then iso{K) — M . In particular, iso{K) is finitely generated, the extension K < iso{K) is algehraic 
and rk{iso{K)) < rk{K). Moreover, there exists an algorithm which, given a finite generating set of K, 
produces a free basis ofiso{K). 

Proof. The proof is exactly the same as that of Theorem 13.6 (for the algorithmic part one needs to use 
Theorem 13.1 to decide if a particular algebraic extension of K is isolated m F{X)). We leave the details 
to the reader. □ 

14. Ascending chains of subgroups 

It is well known that F{X) contains free subgroups of infinite rank if ^X > 2. Therefore ascending 
chains of finitely generated subgroups of F{X) do not necessarily terminate. However, by a classical 
result of M.Takahasi [46] and G.Higman [21] such chains do terminate if the ranks of the subgroups are 
bounded: 

Theorem 14.1 (Takahasi-Higman) . [46, 21] Let F = F{X) be a free group of finite rank. Let M > 1 he 
an integer. Then every strictly ascending chain of subgroups of F{X) of rank at most M terminates. 

Proof. Suppose the statement of Theorem 14.1 fails and there is an infinite strictly ascending chain of 
nontrivial subgroups of F{X) 

(2) K^^K2%... 

where rk(Ki) < m for each i > 1. 
Let Ti = T{Ki) for i= 1,2, .... 

We will define the sequence of finite graphs Ai C A2 C . . . as follows. 
Step 1. Consider the graphs Tk2{Ki)t^K3{Ki), • • • which are all principal quotients of r(_ft'i). Since 
T{Ki) is finite, it has only finitely many principal quotients. Therefore for infinitely many values of i > 2 
all (TKiiKi), iKi) are the same based X-digraph which we call (Ai,f;i). 

Thus after passing to a subsequence in (2) wc assume that (TKi{Ki), ^Ki) = (Ai,fi) for all i >2. 
Step n. Suppose the graphs {Ai,vi) ^ {A2,V2) ^ ••• ^ (A„_i,?;„_i) have already been constructed 
and the sequence (2) has been modified so that for each j = 1, . . . ,n — 1 we have 

rK,{K,), Ik,) = {A,,v,) for all i>j + l. 

Note that there exists m > n such that TK„,{Kn-i), '^Km) = (^n-i^'^n-i) is a proper subgraph of 
{T{Km), If this is not the case then the sequence of graphs (r(ifi), l^J eventually stabilizes and 

so Ki = Ki+i for some i, contrary to our assumptions. 

After passing to a subsequence in (2) we may assume that (rif^(i^„_i), 1k„) = (A„_i,t;„_i) is a 
proper subgraph of (r(if„), 1k„). 

Since (r(X„), Ik^) is a finite graph and has only finitely many principal quotients, there are infinitely 
many indices i>n+\ such that all (F/f . (if„), Ik,) are the same based X-digraph which we call (A„, t;„). 
Once again, after passing to a subsequence in (2) we may assume that (Fi^. (if„), Ik,) — (A„,t)„) for all 
i > n+ 1. 

Note that (A„_i,t;„_i) is a subgraph of (A„,i;„). Indeed, the graph (A„_i,u„_i) can be obtained by 
first mapping (F(if„_i), Ik„-i) into {V{Kn)^ 1k„) (under the graph morphism corresponding to Kn-i < 
K„) and then mapping the result into {T{Kn+i),lK„+i) (under the graph morphism corresponding to 
Kn < Kn+i). The full image of the last map from (F(if„_i), lif„_i) into {T{Kn+i), Iku+i) is precisely 
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{An,Vn)- Thus (A„_i, t;„_i) is indeed a subgraph of (A„, Moreover it is a proper subgraph. Indeed, 

suppose (A„_i,t;„_i) = (A„,w„). Since (r^f^^^ (K„), Ik^+J = (A„,t;„) = (A„_i, i;„_i), wc have Kn < 
L(A„_i, v„_i). On the other hand by our assumption (A„_i, is a proper subgraph of T{Kn), 

Since A„_i is a core graph with respect to this impUes that i(A„_i, t;„_i) ^ JT^, yielding a 

contradiction. Thus (A„_i,f„_i) is a proper subgraph of (A„,w„). We now go to the next step. 

This procedure gives us an infinite sequence of core graphs {Ai,vi) ^ {A2,V2) ^ ••• such that for 
each n > 1 (A„, «„) is a subgraph of one of the graphs {T{Ki), l^f J for some group Ki from the original 
sequence (2). However, since (A„_i,i;„_i) is a proper subgraph of (A„,w„), the group L(A„_i, z;„_i) is 
a proper free factor of the group L(A„, v„) for every n > 1. Therefore rA;(L(A„, Vn)) > n for each n > 1. 
However, (Am+i,vm+i) is a subgraph of some (r(i('j), l^i) and therefore i(AM+i,i'M+i) is a free factor 
of Ki. Since the rank of L{Am+i,vm+i) is at least M + 1, this implies that the rank of Ki is at least 
M + 1 as well. This contradicts our assumption in Theorem 14.1 that the ranks of all subgroups in (2) 
are at most M. □ 



15. Descending chains of subgroups 

In this section we will show that graph-theoretic methods developed earlier allow one to work with 
descending as well as ascending chains of subgroups. Namely, we will prove two classical results due to 
M.Takahasi [46]. 

Theorem 15.1. [46] Suppose Ki are subgroups of F{X) which form an infinite strictly descending chain 

> if 2 ^ . . . 

Put Koo = ^'^=iKn- Let K be a finitely generated free factor of K^. Then K is a free factor in all but 

finitely many Ki. 

Proof. Note that r(_ft') is a finite graph and therefore it has only finitely many principal quotients. 

Therefore there is an infinite strictly increasing sequence of indices (in)5^Li such that for all n > 1 the 
based graphs {PKi„ (K), ^Ki^ ) are the same graph (A, v). Let H = L{A, v) so that {T{H), 1h) = (A, v). 

We claim that in fact (TKjiK), Ixj) = {A,v) for each j > ii. Indeed, suppose in < j < in+i- Since 
in < j and Kj < Ki^ the graph {Tk (K), Ik ) is an epimorphic image of the graph (Fi^. (K), ) = 
(A, w). Therefore L{rKj{K),lKj) < L{A,v). On the other hand j < in+i, Ki^^^ < Kj and therefore 
the graph {A,v) = {Txi (if), l^f. ) is an epimorphic image of the graph (Fi^-^. (if ), 1/^^ ). Hence 
L(A,v) < L(rK,(if),lK,)^'Thus L{T{H),1h) = L{A,v) = L{Tk,{K)). Since A is a finite core graph 
with respect to v. this implies that (r(ii), 1h) = (A, v) = (Fj^^ (if), Ikj), as claimed. 

Since (r(ii), Ijf ) = (A, v) is a subgraph of all (r(if j), 1^ ) for j > ii, the group ii is a free factor in 
all Kj for j > ii. Therefore H < n°ZJ<^ = K^. 

Also, since (A, w) is an epimorphic image of (F(if), Ik), we have if = L(F(if), Ik) < L{A,v) = H. 

Recall that if is a finitely generated free factor of ifoo and K < H < K^o- Therefore by Lemma 10.7 
if is a free factor of H. Since ii is a free factor of all but finitely many ifj, the same holds for if. 

This completes the proof of Theorem 15.1 is proved. □ 

Theorem 15.2. [46] Let F{X) be a free group of finite rank. Let 

Ki^K2^... 

be an infinite strictly decreasing chain of subgroups in F{X). Suppose also that rk{Ki) < M for each 

i > 1. Put ifoo = nf^^iifi. 

Then: 

(a) ifoo is a free factor in all but finitely many if,. 

(b) The group ifoo is finitely generated and its rank is at most M — 1. 

Proof. Note that (a) implies (b). In fact suppose (a) holds. Since ifoo is a free factor in some if^, the 
free group ifoo is finitely generated and has rank at most M. Suppose that in fact ifoo is free of rank 
M. Since a proper free factor of a free group always has small rank and rk{Ki) < M this implies that 
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ifoo = Ki. However ifj+i ^ Ki and therefore ii'i+i is not contained in K^. This contradicts the fact 
that = C\'^=iKn- Thus rk{K^) < M - 1 as required. 
We win now establish part (a) of the theorem. 

Suppose first that K^x, is finitely generated. Since /Too is a free factor of itself, Theorem 15.1 implies 
that Koo is a free factor in all but finitely many Ki, as required. 

Suppose now that K^yo is a free group of infinite rank. Then there are finitely generated free factors of 
of arbitrarily large rank. This contradicts the conclusion of Theorem 15.1 since the ranks of Ki are 
bounded. □ 
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